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Section 9.1 Sequences and Series

819

Vocabulary Check

1. infinite sequence 2. terms

3. finite 4. recursively

5. factorial 6. summation notation

7. index; upper; lower 8. series

9. partial sumnth

■ Given the general nth term in a sequence, you should be able to find, or list, some of the terms.

■ You should be able to find an expression for the apparent nth term of a sequence.

■ You should be able to use and evaluate factorials.

■ You should be able to use summation notation for a sum.

■ You should know that the sum of the terms of a sequence is a series.

1.

a5 � 3�5� � 1 � 16

a4 � 3�4� � 1 � 13

a3 � 3�3� � 1 � 10

a2 � 3�2� � 1 � 7

a1 � 3�1� � 1 � 4

an � 3n � 1 2.

a5 � 5�5� � 3 � 22

a4 � 5�4� � 3 � 17

a3 � 5�3� � 3 � 12

a2 � 5�2� � 3 � 7

a1 � 5�1� � 3 � 2

an � 5n � 3 3.

a5 � 25 � 32

a4 � 24 � 16

a3 � 23 � 8

a2 � 22 � 4

a1 � 21 � 2

an � 2n

4.

a5 � � 1
2�5

�
1

32

a4 � � 1
2�4

�
1

16

a3 � � 1
2�3

�
1
8

a2 � � 1
2�2

�
1
4

a1 � � 1
2�1

�
1
2

an � � 1
2�n 5.

a5 � ��2�5 � �32

a4 � ��2�4 � 16

a3 � ��2�3 � �8

a2 � ��2�2 � 4

a1 � ��2�1 � �2

an � ��2�n 6.

a5 � ��1
2�5

� �
1

32

a4 � ��1
2�4

�
1

16

a3 � ��1
2�3

� �
1
8

a2 � ��1
2�2

�
1
4

a1 � ��1
2�1

� �
1
2

an � ��1
2�n
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7.

a5 �
7

5

a4 �
6

4
�

3

2

a3 �
5

3

a2 �
4

2
� 2

a1 �
1 � 2

1
� 3

an �
n � 2

n
9.

a5 �
6�5�

3�5�2 � 1
�

15

37

a4 �
6�4�

3�4�2 � 1
�

24

47

a3 �
6�3�

3�3�2 � 1
�

9

13

a2 �
6�2�

3�2�2 � 1
�

12

11

a1 �
6�1�

3�1�2 � 1
� 3

an �
6n

3n2 � 1

11.

a5 � 0

a4 �
2

4
�

1

2

a3 � 0

a2 �
2

2
� 1

a1 � 0

an �
1 � ��1�n

n

8.

a5 �
5

5 � 2
�

5

7

a4 �
4

4 � 2
�

2

3

a3 �
3

3 � 2
�

3

5

a2 �
2

2 � 2
�

1

2

a1 �
1

1 � 2
�

1

3

an �
n

n � 2

10.

a5 �
3�5�2 � 5 � 4

2�5�2 � 1
�

74

51

a4 �
3�4�2 � 4 � 4

2�4�2 � 1
�

16

11

a3 �
3�3�2 � 3 � 4

2�3�2 � 1
�

28

19

a2 �
3�2�2 � 2 � 4

2�2�2 � 1
�

14

9

a1 �
3�1�2 � 1 � 4

2�1�2 � 1
� 2

an �
3n2 � n � 4

2n2 � 1
12.

a5 � 1 � ��1�5 � 0

a4 � 1 � ��1�4 � 2

a3 � 1 � ��1�3 � 0

a2 � 1 � ��1�2 � 2

a1 � 1 � ��1�1 � 0

an � 1 � ��1�n

13.

a5 � 2 �
1

243
�

485

243

a4 � 2 �
1

81
�

161

81

a3 � 2 �
1

27
�

53

27

a2 � 2 �
1

9
�

17

9

a1 � 2 �
1

3
�

5

3

an � 2 �
1

3n 14.

a5 �
25

35 �
32

243

a4 �
24

34 �
16
81

a3 �
23

33 �
8

27

a2 �
22

32 �
4
9

a1 �
21

31 �
2
3

an �
2n

3n
15.

a5 �
1

53�2

a4 �
1

43�2
�

1

8

a3 �
1

33�2

a2 �
1

23�2

a1 �
1

1
� 1

an �
1

n3�2
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16.

a5 �
10
3�52

�
10
3�25

a4 �
10
3�42

�
10
3�16

a3 �
10
3�32

�
10
3�9

a2 �
10
3�22

�
10
3�4

a1 �
10

1
� 10

an �
10

n2�3
�

10
3�n2 17.

a5 � �
1

25

a4 �
1

16

a3 � �
1

9

a2 �
1

4

a1 � �
1

1
� �1

an �
��1�n

n2 18.

a5 � ��1�5
5

5 � 1
� �

5

6

a4 � ��1�4
4

4 � 1
�

4

5

a3 � ��1�3
3

3 � 1
� �

3

4

a2 � ��1�2
2

2 � 1
�

2

3

a1 � ��1�1
1

1 � 1
� �

1

2

an � ��1�n� n

n � 1�

19.

a5 �
2
3

a4 �
2
3

a3 �
2
3

a2 �
2
3

a1 �
2
3

an �
2
3 20.

a5 � 0.3

a4 � 0.3

a3 � 0.3

a2 � 0.3

a1 � 0.3

an � 0.3 21.

a5 � �5��4��3� � 60

a4 � �4��3��2� � 24

a3 � �3��2��1� � 6

a2 � �2��1��0� � 0

a1 � �1��0���1� � 0

an � n�n � 1��n � 2� 22.

a5 � 5�52 � 6� � 95

a4 � 4�42 � 6� � 40

a3 � 3�32 � 6� � 9

a2 � 2�22 � 6� � �4

a1 � 1�12 � 6� � �5

an � n�n2 � 6�

23. a25 � ��1�25�3�25� � 2� � �73 24.

 a16 � ��1�16�1�16�16 � 1�� � �240

 an � ��1�n�1�n�n � 1��

25. a11 �
4�11�

2�11�2 � 3
�

44
239

26.

 a13 �
4�13�2 � 13 � 3

13�13 � 1��13 � 2� �
37

130

 an �
4n2 � n � 3

n�n � 1��n � 2� 27.

0
0

10

10

an �  
3

4
n

28.

0

−3

10

2

an � 2 �
4

n
29. 

0

−10

10

18

an � 16��0.5�n�1 30.

0
0

10

12

an � 8�0.75�n�1

31.

0
0

10

2

an �
2n

n � 1
32.

0
0

10

1

an �
n2

n2 � 2
33.

The sequence decreases.

Matches graph (c).

a10 �
8

11
a1 � 4,

an �
8

n � 1
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34.

Matches graph (b).

a1 � 4,   a3 �
24

4
� 6

an → 8 as n → �

an �
8n

n � 1
35.

The sequence decreases.

Matches graph (d).

a10 �
1

128
a1 � 4,

an � 4�0.5�n�1 36.

Matches graph (a).

a1 � 4, a4 �
44

4!
�

256

24
� 10

2

3

an → 0 as n → �

an �
4n

n!

37.

an � 1 � �n � 1�3 � 3n � 2

1, 4, 7, 10,13, .  .  . 38. 3, 7, 11, 15, 19, .  .  .

Apparent pattern:

Each term is one less than four
times n, which implies that
an � 4n � 1.

n:

Terms:

1 

3 

2 

7 

3

11

4

15

5

19

.  .  .

.  .  .

n 

an

39.

an � n2 � 1

0, 3, 8, 15, 24, .  .  .

40.

Apparent pattern:

Each term is the product of 
and twice n, which implies that
an � ��1�n�1�2n�.

��1�n�1

n:

Terms:

1

2

2  

�4  

3 

6 

4

�8

5

10

.  .  .

.  .  .

n 

an

2, �4, 6, �8, 10,  .  .  . 41.

an � ��1�n�n � 1
n � 2�

�
2
3

, 
3
4

, �
4
5

, 
5
6

, �
6
7

, .  .  . 42.

Apparent pattern:

Each term is divided by 2
raised to the n, which implies that 

an �
��1�n�1

2n .

��1�n�1

 Terms:   
1
2

   
�1
4

   
1
8

   
�1
16

  .  .  . an

 n:  1  2  3  4  .  .  . n

1
2

, 
�1
4

, 
1
8

, 
�1
16

,  .  .  .  

43.

an �
n � 1

2n � 1

2
1

, 
3
3

, 
4
5

, 
5
7

, 
6
9

, .  .  . 44.

Apparent pattern:

Each term is divided by 3 
raised to the n, which implies that 

an �
2n�1

3n .

2n�1

 Terms:  
1
3

   
2
9

   
4
27

   
8

81
   .  .  .   an

 n:  1   2   3   4   .  .  .   n

1
3

, 
2
9

, 
4
27

, 
8
81

,  .  .  . 45.

an �
1
n2

1, 
1
4

, 
1
9

, 
1
16

, 
1
25

, .  .  .

46.

Apparent pattern:

Each term is the reciprocal of n!, which implies that 

an �
1
n!

.

 Terms:  1   
1
2

   
1
6

   
1
24

   
1

120
  .  .  .  an

 n:  1  2  3  4  5  .  .  . n

1, 
1
2

, 
1
6

, 
1
24

, 
1

120
,  .  .  . 47.

an � ��1�n�1

1, �1, 1, �1, 1, .  .  .
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49.

an � 1 �
1

n

1 �
1

1
, 1 �

1

2
, 1 �

1

3
, 1 �

1

4
, 1 �

1

5
, .  .  .48.

Apparent pattern:

Each term is divided by which implies that 

an �
2n�1

�n � 1�!.

�n � 1�!,2n�1

 Terms:   1   2   
22

2
   

23

6
   

24

24
   

25

120
  .  .  .  an

 n:  1  2  3  4  5  6  .  .  .  n

1, 2, 
22

2
, 

23

6
, 

24

24
, 

25

120
,  .  .  .

50.

n: 1 2 3 4 5 .  .  . n

Terms: .  .  . 

Apparent pattern: Each term is the sum of 1 and the quantity 1 less than divided by which implies that 

an � 1 �
2n � 1

2n .

2n,2n

an1 �
31
32

1 �
15
16

1 �
7
8

1 �
3
4

1 �
1
2

1 �
1
2

, 1 �
3
4

, 1 �
7
8

, 1 �
15
16

, 1 �
31
32

,  .  .  .

54.

a5 �
1
2 a 4 �

1
2�4� � 2

a4 �
1
2a3 �

1
2�8� � 4

a3 �
1
2 a2 �

1
2�16� � 8

a2 �
1
2 a1 �

1
2�32� � 16

a1 � 32

a1 � 32,   ak�1 �
1
2ak

59.

a4 �
34

4!
�

81
24

�
27
8

a3 �
33

3!
�

27
6

�
9
2

a2 �
32

2!
�

9
2

a1 �
31

1!
� 3

a0 �
30

0!
� 1

an �
3n

n!

51.

a5 � a4 � 4 � 16 � 4 � 12

a4 � a3 � 4 � 20 � 4 � 16

a3 � a2 � 4 � 24 � 4 � 20

a2 � a1 � 4 � 28 � 4 � 24

a1 � 28

a1 � 28 and ak�1 � ak � 4 52.

a5 � a4 � 3 � 24 � 3 � 27

a4 � a3 � 3 � 21 � 3 � 24

a3 � a2 � 3 � 18 � 3 � 21

a2 � a1 � 3 � 15 � 3 � 18

a1 � 15

a1 � 15,   ak�1 � ak � 3 53.

a5 � 2�a4 � 1� � 2�10 � 1� � 18

a4 � 2�a3 � 1� � 2�6 � 1� � 10

a3 � 2�a2 � 1� � 2�4 � 1� � 6

a2 � 2�a1 � 1� � 2�3 � 1� � 4

a1 � 3

a1 � 3 and ak�1 � 2�ak � 1�

55.

In general, an � 2n � 4.

a5 � a4 � 2 � 12 � 2 � 14

a4 � a3 � 2 � 10 � 2 � 12

a3 � a2 � 2 � 8 � 2 � 10

a2 � a1 � 2 � 6 � 2 � 8

a1 � 6

a1 � 6 and ak�1 � ak � 2 56.

In general, an � 30 � 5n .

a5 � a4 � 5 � 10 � 5 � 5

a4 � a3 � 5 � 15 � 5 � 10

a3 � a2 � 5 � 20 � 5 � 15

a2 � a1 � 5 � 25 � 5 � 20

a1 � 25

a1 � 25,   ak�1 � ak � 5

57.

In general,

an � 81�1

3�
n�1

�81�3��1

3�
n

�
243

3n
.

a5 �
1

3
a4 �

1

3
�3� � 1

a4 �
1

3
a3 �

1

3
�9� � 3

a3 �
1

3
a2 �

1

3
�27� � 9

a2 �
1

3
a1 �

1

3
�81� � 27

a1 � 81

a1 � 81 and ak�1 �
1

3
ak 58.

In general, an � 14��2�n�1.

a5 � ��2��a4� � ��2���112� � 224

a4 � ��2�a3 � ��2��56� � �112

a3 � ��2�a2 � ��2���28� � 56

a2 � ��2�a1 � ��2��14� � �28

a1 � 14

a1 � 14,   ak�1 � ��2�ak
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61.

a4 �
1
5!

�
1

120

a3 �
1
4!

�
1

24

a2 �
1
3!

�
1
6

a1 �
1
2!

�
1
2

a0 �
1
1!

� 1

an �
1

�n � 1�! 62.

a4 �
42

�4 � 1�! �
16

5 � 4 � 3 � 2 � 1
�

2
15

a3 �
32

�3 � 1�! �
9

4 � 3 � 2 � 1
�

3
8

a2 �
22

�2 � 1�! �
4

3 � 2 � 1
�

2
3

a1 �
12

�1 � 1�! �
1

2 � 1
�

1
2

a0 �
02

�0 � 1�! �
0
1

� 0

an �
n2

�n � 1�!

63.

a4 �
1
8!

�
1

40,320

a3 �
1
6!

�
1

720

a2 �
1
4!

�
1

24

a1 �
1
2!

�
1
2

a0 �
1
0!

� 1

an �
��1�2n

�2n�! �
1

�2n�! 64.

a4 �
��1�2�4�1

�2 � 4 � 1�! �
��1�9

9!
�

�1
362,880

� �
1

362,880

a3 �
��1�2�3�1

�2 � 3 � 1�! �
��1�7

7!
�

�1
5040

� �
1

5040

a2 �
��1�2�2�1

�2 � 2 � 1�! �
��1�5

5!
�

�1
120

� �
1

120

a1 �
��1�2�1�1

�2 � 1 � 1�! �
��1�3

3!
�

�1
6

� �
1
6

a0 �
��1�2�0��1

�2 � 0 � 1�! �
��1�1

1!
�

�1
1

� �1

an �
��1�2n�1

�2n � 1�!

65.
4!
6!

�
1 � 2 � 3 � 4

1 � 2 � 3 � 4 � 5 � 6
�

1
5 � 6

�
1

30
66.

5!
8!

�
1 � 2 � 3 � 4 � 5

1 � 2 � 3 � 4 � 5 � 6 � 7 � 8
�

1
6 � 7 � 8

�
1

336

67.
10!
8!

�
1 � 2 � 3 � 4 � 5 � 6 � 7 � 8 � 9 � 10

1 � 2 � 3 � 4 � 5 � 6 � 7 � 8
�

9 � 10
1

� 90 68. �
24 � 25

1
� 600 

25!
23!

�
1 � 2 � 3 � .  .  . � 23 � 24 � 25

1 � 2 � 3 � .  .  . � 23

69.

 � n � 1

 
�n � 1�!

n!
�

1 � 2 � 3 � .  .  . � n � �n � 1�
1 � 2 � 3 � .  .  . � n

�
n � 1

1
70.

 � �n � 1��n � 2�

 
�n � 2�!

n!
�

1 � 2 � 3 � .  .  . � n � �n � 1� � �n � 2�
1 � 2 � 3 � .  .  . � n

71.

 �
1

2n�2n � 1�

�2n � 1�!
�2n � 1�! �

1 � 2 � 3 � .  .  . � �2n � 1�
1 � 2 � 3 � .  .  . � �2n � 1� � �2n� � �2n � 1�

72.

 �
3n � 1

1
� 3n � 1

 
�3n � 1�!

�3n�! �
1 � 2 � 3 � .  .  . � �3n� � �3n � 1�

1 � 2 � 3 � .  .  . � �3n�

73. 	
5

i�1

�2i � 1� � �2 � 1� � �4 � 1� � �6 � 1� � �8 � 1� � �10 � 1� � 35

74. 	
6

i�1

�3i � 1� � �3 � 1 � 1� � �3 � 2 � 1� � �3 � 3 � 1� � �3 � 4 � 1� � �3 � 5 � 1� � �3 � 6 � 1� � 57

75. 	
4

k�1

10 � 10 � 10 � 10 � 10 � 40 76. 	
5

k�1

5 � 5 � 5 � 5 � 5 � 5 � 25

60.

a4 �
4!
4

�
4 � 3 � 2 � 1

4
� 6

a3 �
3!
3

�
3 � 2 � 1

3
� 2

a2 �
2!
2

�
2 � 1

2
� 1

a1 �
1!
1

�
1
1

� 1

a0 �
0!
0

� undefined

an �
n!
n
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77. 	
4

i�0

i2 � 02 � 12 � 22 � 32 � 42 � 30

79. 	 
3

k�0

 
1

k2 � 1
�

1

1
�

1

1 � 1
�

1

4 � 1
�

1

9 � 1
�

9

5

81. 	
5

k�2
�k � 1�2�k � 3� � �3�2��1� � �4�2�0� � �5�2�1� � �6�2�2� � 88

83. 	
4

i�1

 2i � 21 � 22 � 23 � 24 � 30

78.

 � 110

	
5

i�0
2i2 � 2�02� � 2�12� � 2�22� � 2�32� � 2�42� � 2�52�

80. 	
5

j�3
 

1
j2 � 3

�
1

32 � 3
�

1
42 � 3

�
1

52 � 3
�

124
429

82. 	
4

i�1

��i � 1�2 � �i � 1�3� � ��0�2 � �2�3� � ��1�2 � �3�3� � ��2�2 � �4�3� � ��3�2 � �5�3� � 238

84.

 � 11

	
4

j�0

��2� j � ��2�0 � ��2�1 � ��2�2 � ��2�3 � ��2�4

85. 	
6

j�1

�24 � 3j� � 81 86. 	
10

j�1

3

j � 1

 6.06 87. 	

4

k�0

  
��1�k

k � 1
�

47

60
88. 	

4

k�0

��1�k

k!
�

3

8

89.
1

3�1�
�

1

3�2�
�

1

3�3�
� .  .  . �

1

3�9�
� 	

9

i�1

 
1

3i
90.

5

1 � 1
�

5

1 � 2
�

5

1 � 3
� .  .  . �

5

1 � 15
� 	

15

i�1

5

1 � i

91. �2�1

8� � 3� � �2�2

8� � 3� � �2�3

8� � 3� � .  .  . � �2�8

8� � 3� � 	
8

i�1
�2� i

8� � 3�

92. �1 � �1

6�
2

� � �1 � �2

6�
2

� � .  .  . � �1 � �6

6�
2

� � 	
6

k�1
�1��k

6�
2

�

93. 3 � 9 � 27 � 81 � 243 � 729 � 	
6

i�1

��1�i�13i

94. 1 �
1

2
�

1

4
�

1

8
� .  .  . �

1

128
�

1

20
�

1

21
�

1

22
�

1

23
� .  .  . �

1

27
� 	

7

n�0
��

1

2�
n

95.
1

12
�

1

22
�

1

32
�

1

42
� .  .  . �

1

202
� 	

20

i�1

 
��1�i�1

i2

97.
1

4
�

3

8
�

7

16
�

15

32
�

31

64
� 	 

5

i�1

2i � 1

2i�1

99. 	
4

i�1
5�1

2�
i

� 5�1
2� � 5�1

2�
2

� 5�1
2�

3

� 5�1
2�

4

�
75
16

96.
1

1 � 3
�

1

2 � 4
�

1

3 � 5
� .  .  . �

1

10 � 12
� 	

10

k�1

1

k�k � 2�

98.
1

2
�

2

4
�

6

8
�

24

16
�

120

32
�

720

64
� 	

6

k�1

k!

2k

100.

 �
242
243

 	
5

i�1
2�1

3�
i

� 2�1
3�

1

� 2�1
3�

2

� 2�1
3�

3

� 2�1
3�

4

� 2�1
3�

5

101. 	
3

n�1
4��

1
2�

n

� 4��
1
2� � 4��

1
2�

2

� 4��
1
2�

3

� �
3
2

102.

 � �
51
32

 	
4

n�1
8��

1
4�

n

� 8��
1
4�

1

� 8��
1
4�

2

� 8��
1
4�

3

� 8��
1
4�

4
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103. 	
�

i�1
6� 1

10�i
� 0.6 � 0.06 � 0.006 � 0.0006 � .  .  . �

2
3

105. By using a calculator, we have

The terms approach zero as 

Thus, we conclude that 	
�

k�1
7� 1

10�
k

�
7
9

.

n → �.

	
100

k�1
7� 1

10�
k



7
9

.

	
50

k�1
7� 1

10�
k


 0.7777777778

	
10

k�1
7� 1

10�
k


 0.7777777777

107.

(a)

(b) A40 � $11,040.20

A8 � $5858.30

A7 � $5743.43

A6 � $5630.81

A5 � $5520.40

A4 � $5412.16

A3 � $5306.04

A2 � $5202.00

A1 � $5100.00

An � 5000�1 �
0.08

4 �
n

, n � 1, 2, 3, .  .  .

104.

 �
1
9

 � 0.11111 .  .  .

 � 0.1 � 0.01 � 0.001 � 0.0001 � 0.00001 � .  .  .

 	
�

k�1
� 1

10�
k

�
1

10
�

1
102 �

1
103 �

1
104 �

1
105 � .  .  .

106.

 �
2
9

 � 0.222  .  .  .

 � 2�0.111  .  .  .�

 � 2�0.1 � 0.01 � 0.001 � 0.0001 � .  .  .�

 	
�

i�1
2� 1

10�
i

� 2� 1
10

�
1

102 �
1

103 �
1

104 � .  .  .�

108. (a)

(b)

(c) A240 � 100�101���1.01�240 � 1� 
 $99,914.79

A60 � 100�101���1.01�60 � 1� 
 $8248.64

A6 � 100�101���1.01�6 � 1� 
 $621.35

A5 � 100�101���1.01�5 � 1� 
 $515.20

A4 � 100�101���1.01�4 � 1� 
 $410.10

A3 � 100�101���1.01�3 � 1� 
 $306.04

A2 � 100�101���1.01�2 � 1� � $203.01

A1 � 100�101���1.01�1 � 1� � $101.00

109. (a) Linear model:

(c)

The quadratic model is a better fit.

an 
 60.57n � 182

Year n Actual Linear Quadratic
Data Model Model

1998 8 311 303 308

1999 9 357 363 362

2000 10 419 424 420

2001 11 481 484 480

2002 12 548 545 544

2003 13 608 605 611

(b) Quadratic model:

(d) For the year 2008 we have the following predictions:

Linear model: 908 stores

Quadratic model: 995 stores

Since the quadratic model is a better fit, the predicted
number of stores in 2008 is 995.

an 
 1.61n2 � 26.8n � 9.5
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110. (a)

(b) The number of cases reported fluctuates.

 a9 � 44.9

 a8 � 50.0

 a7 � 56.6

 a6 � 64.3

0
5 14

75 a5 � 73.1

 an � 0.0457n3 � 0.3498n2 � 9.04n � 121.3, n � 5,  .  .  . , 13.

 a13 � 45.1

 a12 � 41.4

 a11 � 40.4

 a10 � 41.6

111. (a)

billion

billion

billion

billion

billion

billion

billion

(b) The federal debt is increasing.

a6 
 $5091.8

a5 
 $4914.8

a4 
 $4698.2

a3 
 $4425.3

a2 
 $4079.6

a1 
 $3644.3

0
0 14

7000a0 � $3102.9

 an � 2.7698n3 � 61.372n2 � 600.00n � 3102.9

billion

billion

billion

billion

billion

billion

billiona13 
 $6616.3

a12 
 $6251.5

a11 
 $5963.5

a10 � $5735.5

a9 
 $5551.0

a8 
 $5393.2

a7 
 $5245.7

112. million

The results from the model and the figure (which are
approximations) are very similar.

	
13

n�6
�46.609n2 � 119.84n � 1125.8� � $17,495 113. True, by the 

Properties of Sums.

	
4

i�1

�i 2 � 2i� � 	
4

i�1

i 2 � 2	
4

i�1

i

114.

True, because 21 � 22 � 23 � 24 � 23�2 � 24�2 � 25�2 � 26�2.

	
4

j�1

2j � 	
6

j�3

2j�2

115.

a12 � 89 � 55 � 144

a11 � 55 � 34 � 89

a10 � 34 � 21 � 55

a9 � 21 � 13 � 34

a8 � 13 � 8 � 21

a7 � 8 � 5 � 13

a6 � 5 � 3 � 8

a5 � 3 � 2 � 5

a4 � 2 � 1 � 3

a3 � 1 � 1 � 2

a2 � 1

a1 � 1

a1 � 1, a2 � 1,  ak�2 � ak�1 � ak, k ≥ 1 116.

bn � 1 �
1

bn�1

b5 � 1 �
1

b4

� 1 �
3

5
�

8

5

b4 � 1 �
1

b3

� 1 �
2

3
�

5

3

b3 � 1 �
1

b2

� 1 �
1

2
�

3

2

b2 � 1 �
1

b1

� 1 �
1

1
� 2

bn �
an�1

an

; b1 � 1, b2 � 2, b3 �
3

2
, b4 �

5

3
,  .  .  .

b10 �
89

55

b9 �
55

34

b8 �
34

21

b7 �
21

13

b6 �
13

8

b5 �
8

5

b4 �
5

3

b3 �
3

2

b2 �
2

1
� 2

b1 �
1

1
� 1
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117.
327.15 � 785.69 � 433.04 � 265.38 � 604.12 � 590.30

6

 $500.95

119.

 � 0

 � �	
n

i�1

xi��n�1

n
 	

n

i�1

xi�

 � �	
n

i�1
xi� � nx

	
n

i�1

�xi � x � � 	
n

i�1

xi � 	
n

i�1

x118.

� $1.943

x �
1

n 	
n

i�1

xi �
1.899 � 1.959 � 1.919 � 1.939 � 1.999

5

120.

 � 	
n

i�1

xi
2 � 	

n

i�1

xi	
n

i�1

xi��
2

n
�

1

n� � 	
n

i�1

xi
2 �

1

n�	
n

i�1

xi�2

 � 	
n

i�1

xi
2 � 2 �

1

n	
n

i�1

xi	
n

i�1

xi � n �
1

n	
n

i�1

xi �
1

n	
n

i�1

xi

	
n

i�1

�xi � x�2
� 	

n

i�1

�xi
2 � 2xix � x 2� � 	

n

i�1

xi
2 � 2x	

n

i�1

xi � nx2

121.

a5 �
x5

5!
�

x5

120

a4 �
x4

4!
�

x4

24

a3 �
x3

3!
�

x3

6

a2 �
x2

2!
�

x2

2

a1 �
x1

1!
� x

an �
xn

n!
122.

a5 �
��1�5x2�5��1

2�5� � 1
� �

x11

11

a4 �
��1�4x2�4��1

2�4� � 1
�

x9

9

a3 �
��1�3x2�3��1

2�3� � 1
� �

x7

7

a2 �
��1�2x2�2��1

2�2� � 1
�

x5

5

a1 �
��1�1x2�1��1

2�1� � 1
� �

x3

3

an �
��1�nx2n�1

2n � 1
123.

a5 �
�x10

10!
� �

x10

3,628,800

a4 �
x8

8!
�

x8

40,320

a3 �
�x6

6!
� �

x6

720

a2 �
x4

4!
�

x4

24

a1 �
�x2

2!
� �

x2

2

an �
��1�nx2n

�2n�!

124.

a5 �
��1�5x2�5��1

�2�5� � 1�! � �
x11

11!
� �

x11

39,916,800

a4 �
��1�4x2�4��1

�2�4� � 1�! �
x9

9!
�

x9

362,880

a3 �
��1�3x2�3��1

�2�3� � 1�! � �
x7

7!
� �

x7

5040

a2 �
��1�2x2�2��1

�2�2� � 1�! �
x5

5!
�

x5

120

a1 �
��1�1x2�1��1

�2�1� � 1�! � �
x3

3!
� �

x3

6

an �
��1�nx2n�1

�2n � 1�! 125. is one-to-one, so it has an inverse.

 f �1�x� �
x � 3

4

 
x � 3

4
� y

 x � 4y � 3

 y � 4x � 3

f �x� � 4x � 3
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126.

This is a function of x, so f has in inverse.

f �1�x� �
3
x
, x � 0

 y �
3
x

 xy � 3

 x �
3
y

 y �
3
x

 g�x� �
3
x

128.

This does not represent y as a function of x, so f does not have an inverse.

 1 ±�x � y

 ±�x � y � 1

 x � �y � 1�2

 y � �x � 1�2

 f �x� � �x � 1�2

127. is one-to-one, so it has an inverse.

Domain:

Range:

h�1�x� �
x2 � 1

5
�

1
5

�x2 � 1�, x ≥ 0

x2 � 1
5

� y, x ≥ 0

x2 � 5y � 1, x ≥ 0

x � �5y � 1, x ≥ 0, y ≥ �
1
5

y � �5x � 1, x ≥ �
1
5

, y ≥ 0

y ≥ 0

x ≥ �
1
5

h�x� � �5x � 1

129. (a)

(b)

(c)

(d) BA � ��2
6

4
�3� �6

3
5
4� � ��12 � 16

36 � 9
�10 � 12

30 � 12� � � 0
27

6
18�

AB � �6
3

5
4� ��2

6
4

�3� � ��12 � 30
�6 � 24

24 � 15
12 � 12� � �18

18
9
0�

4B � 3A � 4��2
6

4
�3� � 3�6

3
5
4� � ��8 � 18

24 � 9
16 � 15

�12 � 12� � ��26
15

1
�24�

A � B � �6
3

5
4� � ��2

6
4

�3� � �6 � ��2�
3 � 6

5 � 4
4 � ��3�� � � 8

�3
1
7�

130. (a)

(b)

(c)

(d) � �48

36

�72

122� BA � �0

8

�12

11��
10

�4

7

6� � � 0 � 48

80 � 44

0 � 72

56 � 66�

� �56

48

�43

114� AB � � 10

�4

7

6��
0

8

�12

11� � �0 � 56

0 � 48

�120 � 77

48 � 66�

� ��30

44

�69

26� 4B � 3A � 4�0

8

�12

11� � 3� 10

�4

7

6� � � 0 � 30

32 � 12

�48 � 21

44 � 18�

� � 10

�12

19

�5� A � B � � 10

�4

7

6� � �0

8

�12

11� � � 10 � 0

�4 � 8

7 � ��12�
6 � 11�
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131. (a)

(b)

(c)

(d) BA � �
1
0
0

4
1
3

2
6
1� �

�2
4
1

�3
5
7

6
7
4� � �

�2 � 16 � 2
0 � 4 � 6

0 � 12 � 1

�3 � 20 � 14
0 � 5 � 42
0 � 15 � 7

6 � 28 � 8
0 � 7 � 24
0 � 21 � 4� � �

16
10
13

31
47
22

42
31
25�

AB � �
�2

4
1

�3
5
7

6
7
4� �

1
0
0

4
1
3

2
6
1� � �

�2 � 0 � 0
4 � 0 � 0
1 � 0 � 0

�8 � 3 � 18
16 � 5 � 21
4 � 7 � 12

�4 � 18 � 6
8 � 30 � 7
2 � 42 � 4� � �

�2
4
1

7
42
23

�16
45
48�

4B � 3A � 4�
1
0
0

4
1
3

2
6
1� � 3�

�2
4
1

�3
5
7

6
7
4� � �

4 � ��6�
0 � 12
0 � 3

16 � ��9�
4 � 15

12 � 21

8 � 18
24 � 21

4 � 12� � �
10

�12
�3

25
�11
�9

�10
3

�8�

A � B � �
�2

4
1

�3
5
7

6
7
4� � �

1
0
0

4
1
3

2
6
1� � �

�2 � 1
4 � 0
1 � 0

�3 � 4
5 � 1
7 � 3

6 � 2
7 � 6
4 � 1� � �

�3
4
1

�7
4
4

4
1
3�

132. (a)

(b)

(c)

(d) � �
20
2
1

4
15

�6

8
�4

6�� �
0 � 20 � 0

�3 � 5 � 0
1 � 0 � 0

0 � 4 � 0
12 � 1 � 2

�4 � 0 � 2

0 � 8 � 0
0 � 2 � 6
0 � 0 � 6� BA � �

0

3

�1

4

1

0

0

�2

2
��

�1

5

0

4

1

�1

0

2

3
�

� �
12

1

�6

0

21

�1

�8

2

8
� � �

0 � 12 � 0
0 � 3 � 2
0 � 3 � 3

�4 � 4 � 0
20 � 1 � 0
0 � 1 � 0

0 � 8 � 0
0 � 2 � 4
0 � 2 � 6� AB � �

�1

5

0

4

1

�1

0

2

3
��

0

3

�1

4

1

0

0

�2

2
�

� �
0 � ��3�

12 � 15

�4 � 0

16 � 12

4 � 3

0 � ��3�

0 � 0

�8 � 6

8 � 9
� � �

3

�3

�4

4

1

3

0

�14

�1
� 4B � 3A � 4�

0

3

�1

4

1

0

0

�2

2
� � 3�

�1

5

0

4

1

�1

0

2

3
�

� �
�1 � 0

5 � 3

0 � ��1�

4 � 4

1 � 1

�1 � 0

0 � 0

2 � ��2�
3 � 2

� � �
�1

2

1

0

0

�1

0

4

1
� A � B � �

�1

5

0

4

1

�1

0

2

3
� � �

0

3

�1

4

1

0

0

�2

2
�

133. 
A
 � 
 3
�1

5
7
 � 3�7� � 5��1� � 26 134. 
�2

12

8

15
 � �2�15� � 8�12� � �126

135.

� �194 � 3�7��1� � 3�9�� � 4�4�3� � 5�7��

� 3
79 3
�1
 � 4
47 5

3
 
A
 � 
3
0
4

4
7
9

5
3

�1

136.

—CONTINUED—

 � �11�12 � 6� � 1�10 � 4� � 6�30 � 24� � �108

 � �11
�12
�2

�3
�1
 � 1
�10

�2
�2
�1
 � 6
�10

�12
�2
�3


 C21 � ��1�2�1
 11

�1

6

10

12

2

2

3

1
 � 
�11

1

�6

�10

�12

�2

�2

�3

�1

 � 8�12 � 6� � 3��1 � 18� � 7��2 � 72� � �413

 � 8
12
2

3
1
 � 3
�1

6
3
1
 � 7
�1

6
12
2


 C11 � ��1�1�1
 8

�1

6

3

12

2

7

3

1
 � 
 8

�1

6

3

12

2

7

3

1

 
A
 � 16�C11� � 9�C21� � 2�C31� � 4�C41�
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136. —CONTINUED—

 � �11,758.

 So, �A� � 16��413� � 9��108� � 2�215� � 4�937�

 � �11�9 � 84� � 8�30 � 24� � 1�70 � 6� � 937

 � �11� �3
�12

�7
�3� � ��8���10

�12
�2
�3� � 1��10

�3
�2
�7�

 C41 � ��1�4�1� 11

8

�1

10

3

12

2

7

3� � ��11

�8

1

�10

�3

�12

�2

�7

�3�
 � 11�3 � 14� � 8�10 � 4� � 6�70 � 6� � 215

 � 11�32 7
1� � 8�10

2
2
1� � 6�10

3
2
7�

 C31 � ��1�3�1�11

8

6

10

3

2

2

7

1� � �11

8

6

10

3

2

2

7

1�

Section 9.2 Arithmetic Sequences and Partial Sums

■ You should be able to recognize an arithmetic sequence, find its common difference, and find its nth term.

■ You should be able to find the nth partial sum of an arithmetic sequence by using the formula

Sn �
n

2
�a1 � an�.

Vocabulary Check

1. arithmetic; common 2.

3. sum of a finite arithmetic sequence

an � dn � c

1.

Arithmetic sequence, d � �2

10, 8, 6, 4, 2, .  .  . 3.

Not an arithmetic sequence

1, 2, 4, 8, 16, .  .  .

5.

Arithmetic sequence, d � �
1
4

9
4,  2,  74,  

3
2,  54, .  .  .

7.

Not an arithmetic sequence

1
3, 23, 1, 43, 56, .  .  . 9.

Not an arithmetic sequence

ln 1, ln 2, ln 3, ln 4, ln 5, .  .  .

11.

Arithmetic sequence, d � 3

8, 11, 14, 17, 20

an � 5 � 3n

2. 4, 7, 10, 13, 16, .  .  .

Arithmetic sequence, d � 3

4. 80, 40, 20, 10, 5, .  .  .

Not an arithmetic sequence

6. 3, 2, 1, .  .  .

Arithmetic sequence, d � �
1
2

3
2,5

2,

8. 5.3, 5.7, 6.1, 6.5, 6.9, .  .  .

Arithmetic sequence, d � 0.4

10.

Not an arithmetic sequence

12, 22, 32, 42, 52, .  .  . 12.

97, 94, 91, 88, 85

Arithmetic sequence, d � �3

an � 100 � 3n
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13.

Arithmetic sequence, d � �4

7, 3, �1, �5, �9

an � 3 � 4�n � 2� 15.

Not an arithmetic sequence

�1, 1, �1, 1, �1

an � ��1�n14.

1, 5, 9, 13, 17

Arithmetic sequence, d � 4

an � 1 � �n � 1�4

16.

1, 2, 4, 8, 16

Not an arithmetic sequence

an � 2n�1 18.

2, 8, 24, 64, 160

Not an arithmetic sequence

an � �2n�n17.

Not an arithmetic sequence

�3, 
3
2

, �1, 
3
4

, �
3
5

an �
��1�n3

n

19.

an � a1 � �n � 1�d � 1 � �n � 1��3� � 3n � 2

a1 � 1,  d � 3 20.

 � 4n � 11

 an � a1 � �n � 1�d � 15 � �n � 1�4

a1 � 15, d � 4

21.

 � �8n � 108

 an � a1 � �n � 1�d � 100 � �n � 1���8�

a1 � 100,  d � �8

23.

an � a1 � �n � 1�d � x � �n � 1��2x� � 2xn � x

a1 � x,  d � 2x

25.

 � �
5
2n �

13
2an � a1 � �n � 1�d � 4 � �n � 1���5

2�
d � �

5
2

4, 32, �1, �7
2, .  .  .

27.

�
10
3 n �

5
3an � a1 � �n � 1�d � 5 � �n � 1��10

3 �
a4 � a1 � 3d   ⇒   15 � 5 � 3d   ⇒   d �

10
3

a1 � 5,  a4 � 15

29.

 � �3n � 103

 an � a1 � �n � 1�d � 100 � �n � 1���3�

a1 � a3 � 2d   ⇒   a1 � 94 � 2��3� � 100

a6 � a3 � 3d   ⇒   85 � 94 � 3d   ⇒   d � �3

a3 � 94,  a6 � 85

22.

 � �
2
3n �

2
3

 an � a1 � �n � 1�d � �n � 1���2
3�

a1 � 0, d � �
2
3

24.

 � 5yn � 6y

 an � a1 � �n � 1�d � �y � �n � 1��5y�

a1 � �y, d � 5y

26.

an � a1 � �n � 1�d � 10 � �n � 1���5� � �5n � 15

d � �5

10, 5, 0, �5, �10, . . .

28.

 � 5n � 9

 an � a1 � �n � 1�d � �4 � �n � 1�5

 d � 5

 16 � �4 � 4d

 an � a1 � �n � 1�d

 a1 � �4, a5 � 16

30.

 � �15n � 265

 an � a1 � �n � 1�d � 250 � �n � 1���15�

 a1 � a5 �  4d  ⇒  a1 � 190 � 4��15� � 250

 a10 � a5 � 5d  ⇒  115 � 190 � 5d  ⇒  d � �15

 a5 � 190, a10 � 115
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31.

a5 � 23 � 6 � 29

a4 � 17 � 6 � 23

a3 � 11 � 6 � 17

a2 � 5 � 6 � 11

a1 � 5

a1 � 5,  d � 6 32.

a5 �
11
4 �

3
4 �

8
4 � 2

a4 �
7
2 �

3
4 �

11
4

a3 �
17
4 �

3
4 �

14
4 �

7
2

a2 � 5 �
3
4 �

17
4

a1 � 5

a1 � 5, d � �
3
4 33.

a5 � �3.8 � ��0.4� � �4.2

a4 � �3.4 � ��0.4� � �3.8

a3 � �3.0 � ��0.4� � �3.4

a2 � �2.6 � ��0.4� � �3.0

a1 � �2.6

a1 � �2.6,  d � �0.4

34.

a5 � 17.25 � 0.25 � 17.5

a4 � 17 � 0.25 � 17.25

a3 � 16.75 � 0.25 � 17

a2 � 16.5 � 0.25 � 16.75

a1 � 16.5

a1 � 16.5, d � 0.25 35.

a5 � 14 � 4 � 18

a4 � 10 � 4 � 14

a3 � 6 � 4 � 10

a2 � 2 � 4 � 6

a1 � 2

44 � d

44 � 11d

46 � 2 � �12 � 1�d

a1 � 2,  a12 � 46 36.

Answer:

a5 � 16 � 5 � 21

a4 � 11 � 5 � 16

a3 � 6 � 5 � 11

a2 � 1 � 5 � 6

a1 � 1

a1 � 1, d � 5

46 � a10 � a1 � �n � 1�d � a1 � 9d

16 � a4 � a1 � �n � 1�d � a1 � 3d

a4 � 16, a10 � 46

37.

a5 � 10 � 4 � 14

a4 � 6 � 4 � 10

a3 � 2 � 4 � 6

a2 � �2 � 4 � 2

a1 � �2

26 � a1 � 28 ⇒ a1 � �2

a8 � a1 � 7d

42 � 26 � 4d ⇒ d � 4

a12 � a8 � 4d

a8 � 26,  a12 � 42 38.

Answer:

a5 � 17.275 � 1.725 � 15.55

a4 � 19 � 1.725 � 17.275

a3 � 20.725 � 1.725 � 19

a2 � 22.45 � 1.725 � 20.725

a1 � 22.45

a1 � 22.45, d � �1.725

�1.7 � a15 � a1 � �n � 1�d � a1 � 14d

 19 � a3 � a1 � �n � 1�d � a1 � 2d

 a3 � 19, a15 � �1.7

39.

an � 4n � 11

c � a1 � d � 15 � 4 � 11

d � 4

a5 � 27 � 4 � 31

a4 � 23 � 4 � 27

a3 � 19 � 4 � 23

a2 � 15 � 4 � 19

a1 � 15,  ak�1 � ak � 4 41.

an � �10n � 210

c � a1 � d � 200 � ��10� � 210

d � �10

a5 � 170 � 10 � 160

a4 � 180 � 10 � 170

a3 � 190 � 10 � 180

a2 � 200 � 10 � 190

a1 � 200,  ak�1 � ak � 1040.

So, an � 5n � 1.

 � 1

 � 6 � 5

 c � a1 � d

 an � 5n � c

 an � dn � c

 d � 5

 a5 � 21 � 5 � 26

 a4 � 16 � 5 � 21

 a3 � 11 � 5 � 16

 a2 � 6 � 5 � 11

 a1 � 6, ak�1 � ak � 5
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43.

an � �
1
8n �

3
4

c � a1 � d �
5
8 � ��1

8� �
3
4

d � �
1
8

a5 �
1
4 �

1
8 �

1
8

a4 �
3
8 �

1
8 �

1
4

a3 �
1
2 �

1
8 �

3
8

a2 �
5
8 �

1
8 �

1
2

a1 �
5
8

a1 �
5
8, ak�1 � ak �

1
842.

So, an � �6n � 78.

 � 78

 � 72 � ��6�

 c � a1 � d

 an � �6n � c

 an � dn � c

 d � �6

 a5 � 54 � 6 � 48

 a4 � 60 � 6 � 54

 a3 � 66 � 6 � 60

 a2 � 72 � 6 � 66

 a1 � 72, ak�1 � ak � 6 44.

So, an � 0.25n � 0.125.

 � 0.125

 � 0.375 � 0.25

 c � a1 � d

 an � 0.25n � c

 an � dn � c

 d � 0.25

a5 � 1.125 � 0.25 � 1.375

a4 � 0.875 � 0.25 � 1.125

a3 � 0.625 � 0.25 � 0.875

a2 � 0.375 � 0.25 � 0.625

a1 � 0.375, ak�1 � ak � 0.25

45.

an � a1 � �n � 1�d  ⇒  a10 � 5 � 9�6� � 59

a1 � 5, a2 � 11  ⇒  d � 11 � 5 � 6 46.

an � 10n � 7, a9 � 10�9� � 7 � 83

c � a1 � d � 3 � 10 � �7

an � dn � c, an � 10n � c

d � a2 � a1 � 13 � 3 � 10

a1 � 3, a2 � 13

47.

an � a1 � �n � 1�d  ⇒  a7 � 4.2 � 6�2.4� � 18.6

a1 � 4.2, a2 � 6.6  ⇒  d � 6.6 � 4.2 � 2.4 48.

an � �13.1n � 12.4, a8 � �92.4

c � a1 � d � �0.7 � 13.1 � 12.4

an � dn � c, an � �13.1n � c

d � a2 � a1 � �13.8 � 0.7 � �13.1

a1 � �0.7, a2 � �13.8

49.

so the sequence is decreasing
and 

Matches (b).

a1 � 71
4.

d � �
3
4

an � �
3
4n � 8 50.

so the sequence is increasing

Matches (d).

and a1 � �2.
d � 3

an � 3n � 5 51.

so the sequence is increasing
and 

Matches (c).

a1 � 23
4.

d �
3
4

an � 2 �
3
4n

52.

so the sequence
is decreasing 

Matches (a).

and a1 � 22.
d � �3

an � 25 � 3n 53.

0
0

10

14

an � 15 �
3
2n 54.

0

−6

10

16

an � �5 � 2n

55.

0
2

10

6

an � 0.2n � 3 56.

0
4

10

9

an � �0.3n � 8 57.

S10 �
10
2 �8 � 116� � 620

a10 � 8 � 9�12� � 116

a1 � 8,  d � 12,  n � 10

8, 20, 32, 44, .  .  .
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58.

S25 �
25
2 �2 � 146� � 1850

a1 � 2 and a25 � 146

an � 6n � 4

d � 6, c � 2 � 6 � �4

2, 8, 14, 20,  .  .  .  , n � 25 59.

S12 �
12
2 �4.2 � ��1.3�� � 17.4

a12 � 4.2 � 11��0.5� � �1.3

a1 � 4.2, d � �0.5, n � 12

4.2, 3.7, 3.2, 2.7, .  .  . 60.

S10 �
10
2 �0.5 � 4.1� � 23

a1 � 0.5 and a10 � 4.1

an � 0.4n � 0.1

d � 0.4, c � 0.1

0.5, 0.9, 1.3, 1.7,  .  .  .  , n � 10

61.

S10 �
10

2
�40 � 13� � 265

a10 � 40 � 9��3� � 13

a1 � 40, d � �3, n � 10

40, 37, 34, 31, .  .  . 63.

S25 �
25

2
�100 � 220� � 4000

Sn �
n

2
�a1 � an�

a1 � 100,  a25 � 220,  n � 2562.

 S25 �
25
2

�75 � 45� � 375

 a1 � 75 and a25 � �45

 an � �5n � 80

 d � �5, c � 80

75, 70, 65, 60,  .  .  .  , n � 25

64.

S100 �
100

2 �15 � 307� � 16,100

a1 � 15, a100 � 307, n � 100 65.

�
100

n�1
�2n � 1� �

100
2 �1 � 199� � 10,000

a1 � 1, a100 � 199

an � 2n � 1

66.

 � 1200

�
60

i�0

 �i � 10� �
60
2 ��10 � 50�

a0 � �10, a60 � 50, n � 60 67.

�
50

n�1

n �
50
2 �1 � 50� � 1275

a1 � 1,  a50 � 50,  n � 50 68.

�
100

n�1

 2n �
100
2 �2 � 200� � 10,100

a1 � 2, a100 � 200, n � 100

an � 2n

69.

�
100

n�10
6n �

91
2 �60 � 600� � 30,030

a10 � 60, a100 � 600, n � 91

71. �
30

n�11

n � �
10

n�1

n �
20
2 �11 � 30� �

10
2 �1 � 10� � 355

70.

�
100

n�51

 7n �
50
2 �357 � 700� � 26,425

a51 � 357, a100 � 700

an � 7n

72.

 � 3775 � 1275 � 2500

�
100

n�51

n � �
50

n�1

n �
50
2 �51 � 100� �

50
2 �1 � 50�

73.

�
400

n�1
�2n � 1� �

400
2 �1 � 799� � 160,000

a1 � 1, a400 � 799, n � 400

75. �
20

n�1

�2n � 5� � 520

77. �
100

n�1

n � 4
2

� 2725

74.

�
250

n�1

�1000 � n� �
250
2  �999 � 750� � 218,625

a1 � 999, a250 � 750, n � 250

an � 1000 � n

76.

�
50

n�0

�1000 � 5n� �
51
2 �1000 � 750� � 44,625

a0 � 1000,  a50 � 750,  n � 51

78.

�
100

n�0

 
8 � 3n

16
�

101

2 �1

2
�

73

4 � � �896.375

a0 �
1

2
, a100 �

�73

4
, n � 101
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79. �
60

i�1

�250 �
8
3i� � 10,120 80.

�
200

j�1

 �4.5 � 0.025j� �
200
2 �4.525 � 9.5� � 1402.5

a1 � 4.525, a200 � 9.5, n � 200

81. (a)

(b) S6 �
6
2�32,500 � 40,000� � $217,500

a6 � a1 � 5d � 32,500 � 5�1500� � $40,000

a1 � 32,500,  d � 1500 82. (a) 

(b) S6 �
6
2 �36,800 � 45,550� � $247,050

a6 � a1 � 5d � 36,800 � 5�1750� � $45,550

a1 � 36,800, d � 1750

83.

S30 �
30
2 �20 � 136� � 2340 seats

a30 � 20 � 29�4� � 136

3a1 � 20,  d � 4,  n � 30 85.

S18 �
18
2 �14 � 31� � 405 bricks

a1 � 14, a18 � 31

86.

S28 �
28
2 �14 � 0.5� � 203 bricks

a1 � 14, a28 � 0.5, n � 28

84.

S36 �
36
2 �15 � 120� � 2430 seats

a36 � 15 � 35�3� � 120

a1 � 15, d � 3, n � 36

87.

S10 �
10
2 �4.9 � 93.1� � 490 meters

a10 � 4.9 � 9�9.8� � 93.1 meters

d � 9.8

4.9, 14.7, 24.5, 34.3, .  .  .

88.

Distance ft� �
7

n�1
�32n � 16� � 784

an � 32n � 16

c � a1 � d � 16 � 32 � �16

an � dn � c � 32n � c

d � 32

a1 � 16, a2 � 48, a3 � 80, a4 � 112 89. (a)

(b)

S8 �
8
2�200 � 25� � $900

a8 � �25�8� � 225 � 25

an � �25n � 225

c � 200 � ��25� � 225

a1 � 200, a2 � 175  ⇒  d � �25

90. (a)

(b) Total prize money

 � $7800

 � 12
2 �1200 � 100�

 � �
12

n�1
��100n � 1300�

an � �100n � 1300

c � a1 � d � 1200 � 100 � 1300

an � �100n � c

an � dn � c

d � �100

a1 � 1200, a2 � 1100, a3 � 1000 91.

The cost of gasoline, labor, equipment, insurance, and
maintenance are a few economic factors that could 
prevent the company from meeting its goals, but the
biggest unknown variable is the amount of annual 
snowfall.

S6 �
6
2�8000 � 15,500� � $70,500

a1 � 8000, a6 � 15,500

an � 1500n � 6500
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92.

Total sales � �
10

n�1
�5000n � 10,000� �

10
2 �15,000 � 60,000� � $375,000

an � 5000n � 10,000

c � a1 � d � 15,000 � 5000 � 10,000

an � dn � c � 5000n � c

n � 1, .  .  . , 10

d � 5,000

a1 � 15,000

93. (a)
Monthly Payment Unpaid Balance

$1800

$1600

$1400

$1200

$1000

$800a6 � 200 � 0.01�1000� � $210

a5 � 200 � 0.01�1200� � $212

a4 � 200 � 0.01�1400� � $214

a3 � 200 � 0.01�1600� � $216

a2 � 200 � 0.01�1800� � $218

a1 � 200 � 0.01�2000� � $220

(b)

Interest paid: $110

S10 �
10
2 �220 � 202� � $2110

an � �2n � 222  ⇒  a10 � 202

94. (a) Borrowed Amount

Amount of Balance Paid Per Month

Unpaid Balance

Interest Balance Before Payment

Total Payment

(b) Total Interest Paid � �
20

n�1
�5000 � 250�n � 1�� � 0.01 �

20
2 ��5000��0.01� � �250��0.01�� � $525

� $250 � I

� 1% � an�1 � 0.01� I �

� an � 5000 � 250n

� $250

� a0 � $5,000

Month (n) 1 2 3 4 5 6

Interest (I) $50 $47.50 $45.00 $42.50 $40.00 $37.50

Total Payment $300 $297.50 $295.00 $292.50 $290.00 $287.50

Unpaid Balance $4750 $4500 $4250 $4000 $3750 $3500�an�

�$250 � I�

Month (n) 7 8 9 10 11 12

Interest (I) $35.00 $32.50 $30.00 $27.50 $25.00 $22.50

Total Payment $285.00 $282.50 $280.00 $277.50 $275.00 $272.50

Unpaid Balance $3250 $3000 $2750 $2500 $2250 $2000�an�

�$250 � I�
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96. (a) is 1997.

(b)

(c) Total revenue

million

(d) a18 � 1726.93�18� � 11,718.43 � $19,366.31 million

� $38,856

�
7
2�370.08 � 10,731.66�

� �
13

n�7
�1726.93n � 11,718.43�

an � Revenue � 1726.93n � 11,718.43

2,000

4,000

6,000

8,000

n

an

10,000

12,000

R
ev

en
ue

(i
n 

m
ill

io
ns

 o
f 

do
lla

rs
)

Year (7 ↔ 1997)

7 8 9 10 11 12 13

n � 7

98. True, by the formula for the sum of a finite arithmetic
sequence,

Sn �
n
2

�a1 � an�.

99. A sequence is arithmetic if the differences between 
consecutive terms are the same.

an�1 � an � d for n ≥ 1

100. First term plus times the common difference�n � 1�

101. (a)

(c) The graph of contains only points at
the positive integers. The graph of is a
solid line which contains these points.

y � 3x � 2
an � 2 � 3n

an

n

33
30
27
24
21
18
15
12
9
6
3

1 2 3 4 5 6 7 8 9 10 11−1

an � 2 � 3n (b)

(d) The slope is equal to the common difference
In general, these should be equal.d � 3.

m � 3

y

x

33
30
27
24
21
18
15
12
9
6
3

1 2 3 4 5 6 7 8 9 10 11

y � 3x � 2

102. (a)

(b)

(c) Sn �
n

2
�1 � �2n � 1�� �

n

2
�2n� � n2

S7 � 1 � 3 � 5 � 7 � 9 � 11 � 13 � 49 � 72

Sn � n2

1 � 3 � 5 � 7 � 9 � 11 � 36

1 � 3 � 5 � 7 � 9 � 25

1 � 3 � 5 � 7 � 16

1 � 3 � 5 � 9

1 � 3 � 4 103.

 a1 � 4

 2a1 � 8

 2a1 � 57 � 65

 10�2a1 � 57� � 650

 S20 �
20

2
	a1 � �a1 � �20 � 1��3��
 � 650

97. True; given and then and 
an � a1 � �n � 1�d.

d � a2 � a1a2a1

95. (a) Using (5, 23,078) and (6, 24,176) we have 
and 

(b)

The models are similar.

(c)

(d) For 2004 use 

For 2005 use 

(e) Answers will vary.

n � 15: $34,058

n � 14: $32,960

20,000
3 13

32,000

an � 1114.95n � 17,795.07

an � 1098n � 17,588

c � 23,078 � 5�1098) � 17,588.
d � 1098
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104. be the sum

of the first n terms of the original
sequence.

 � Sn � 5n

 �
n

2
�a1 � an) � 5n

 �
n

2
�a1 � an� �

n

2
�10�

 �
n

2
�a1 � an � 10�

Sn� �
n

2
�a1 � 5 � an � 5�

Let Sn �
n

2 �a1 � an � 105.

Slope:

y-intercept:

y

x
−4 −3 −2 −1

−4

−3

−2

1

2

3

4

1 2 3 4

�0, �
3
4�

m �
1
2

 y �
1
2

x �
3
4

 2x � 4y � 3 106.

Slope:

y-intercept:

y

x
−4 −3 −2 −1

−12

−10

−8

−6

2

4

1 2 3 4

�0, �8�

�9

 y � �9x � 8

 9x � y � �8

107.

Vertical line

No slope

No y-intercept

 x � 7

y

x
−2 2 4 6

−8

−6

−4

−2

2

4

6

8

8 10 12 14

 x � 7 � 0 108.

Slope:

y-intercept: �0, �11�

0

 y � �11

y

x
−8 −6 −4 −2

−12

−10

−8

−6

−4

−2

2

4

2 4 6 8

 y � 11 � 0

109.

Answer: x � 1, y � 5, z � �1

��17
2 �

��10�
Eq.3 � Eq.1
Eq.3 � Eq.2�x

      y
      z

�

�

�

1
5

�1

 

�� 1
99�Eq.3

�x
     y

�

�

17
2 z

10z
z

�

�

�

�
15
2

�5
�1

�1
2�Eq.2 � Eq.1

��7�Eq.2 � Eq.3
�x

     y
�

�

�

17
2 z

10z
99z

�

�

�

�
15
2

�5
99

 

��1
2�Eq.2
2 Eq.3

�x �
1
2 y
y

7y

�

�

�

7
2z

10z
29z

�

�

�

�5
�5
64

�
x �

�

1
2y

2y
7
2y

�

�

�

7
2z

20z
29
2 z

�

�

�

�5

10

32

 

��3�Eq.1 � Eq.2

��6�Eq.1 � Eq.3
�

x �

�

1
2 y
7
2 y

2y

�

�

�

7
2z

29
2 z

20z

�

�

�

�5

32

10

1
2 Eq.1� x

3x
6x

�

�

�

1
2 y
2y
5y

�

�

�

7
2z
4z
z

�

�

�

�5
17

�20

Equation 1
Equation 2
Equation 3

�2x
3x
6x

�

�

�

y
2y
5y

�

�

�

7z
4z
z

�

�

�

�10
17

�20
110.

x � 2, y � �6, z � 3

 
R1 � 4R2 � 10R3 →

 

1
0
 0

0
1
0

0
0
1

�
�
�

2
�6

3�
 R2 � 3R3 →  


1
0
 0

�4
1
0

�10
0
1

�
�
�

�4
�6

3�
 
1
25R3 →

 

1
0
 0

�4
1
0

�10
3
1

�
�
�

�4
3
3� 

 117R2 → 

1
0
 0

�4
1
0

�10
3

25

�4
3

75�
 
�R1 →  



1
0
 0

�4
17
0

�10
51
25

�
�
�

�4
51
75�

 
2R2 � R3 →

 

�1

0
0

4
17
0

10
51
25

�
�
�

4
51
75�

 
8R1 � R3 →

 

�1

0
0

4
17
34

10
51
77

�
�
�

4
51
27�

 
 5R1 � R2 →  


�1
0
8

4
17
2

10
51

�3

�
�
�

4
51

�5�


�1

5
8

4
�3

2

10
1

�3

�
�
�

4
31

�5�
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Section 9.3 Geometric Sequences and Series

■ You should be able to identify a geometric sequence, find its common ratio, and find the nth term.

■ You should know that the nth term of a geometric sequence with common ratio r is given by 

■ You should know that the nth partial sum of a geometric sequence with common ratio is given by

■ You should know that if then

�
�

n�1

a1r
n�1 � �

�

n�0

a1r
n �

a1

1 � r
.

�r� < 1,

Sn � a1�1 � rn

1 � r �.

r � 1

an � a1r
n�1.

Vocabulary Check

1. geometric; common 2.

3. 4. geometric series

5. S �
a1

1 � r

Sn � a1�1 � r n

1 � r �
an � a1r

n�1

1.

Geometric sequence, r � 3

5, 15, 45, 135, .  .  . 3.

Not a geometric sequence

Note: It is an arithmetic sequence
with d � 9.

3, 12, 21, 30, .  .  .2. 3, 12, 48, 192, .  .  .

Geometric sequence, r � 4

4. 36, 27, 18, 9, .  .  .

Not a geometric sequence

6. 5, 1, 0.2, 0.04, .  .  .

Geometric sequence, r �
1
5 � 0.2

5.

Geometric sequence, r � �
1
2

1, �1
2,  

1
4,  �

1
8, .  .  .

7.

Geometric sequence, r � 2

1
8, 14, 12, 1, .  .  . 9.

Not a geometric sequence

1,  12,  13,  14, .  .  .8.

Geometric sequence, r � �
2
3

9, �6, 4, �8
3, .  .  .

10.

Not a geometric sequence

1
5, 27, 39, 4

11, .  .  . 12.

a5 � 6�2�4 � 96

a4 � 6�2�3 � 48

a3 � 6�2�2 � 24

a2 � 6�2�1 � 12

a1 � 6

a1 � 6, r � 211.

a5 � 54�3� � 162

a4 � 18�3� � 54

a3 � 6�3� � 18

a2 � 2�3� � 6

a1 � 2

a1 � 2,  r � 3

111. Answers will vary.



Section 9.3 Geometric Sequences and Series 841

13.

a5 �
1
8�1

2� �
1
16

a4 �
1
4�1

2� �
1
8

a3 �
1
2�1

2� �
1
4

a2 � 1�1
2� �

1
2

a1 � 1

a1 � 1,  r �
1
2 14.

a5 � 1�1
3�4

�
1

81

a4 � 1� 1
3�

3
�

1
27

a3 � 1� 1
3�

2
�

1
9

a2 � 1�1
3�1

�
1
3

a1 � 1

a1 � 1, r �
1
3 15.

a5 � �� 1
200��� 1

10� �
1

2000

a4 �
1
20�� 1

10� � �
1

200

a3 � ��1
2��� 1

10� �
1

20

a2 � 5�� 1
10� � �

1
2

a1 � 5

a1 � 5,  r � �
1

10

16.

a5 � 6��1
4�4

�
3

128

a4 � 6��1
4�3

� �
3
32

a3 � 6��1
4�2

�
3
8

a2 � 6��1
4�1

� �
3
2

a1 � 6

a1 � 6, r � �
1
4 18.

a5 � 3��5 �4
� 75

a4 � 3��5 �3
� 15�5

a3 � 3��5 �2
� 15

a2 � 3��5 �1
� 3�5

a1 � 3

a1 � 3, r � �517.

a5 � �e3��e� � e4

a4 � �e2��e� � e3

a3 � �e��e� � e2

a2 � 1�e� � e

a1 � 1

a1 � 1,  r � e

19.

a5 � � x3

32��
x
4� �

x4

128

a4 � �x2

8 ��
x
4� �

x3

32

a3 � �x
2��

x
4� �

x2

8

a2 � 2�x
4� �

x
2

a1 � 2

a1 � 2, r �
x
4

20.

a5 � 5�2x�4 � 80x4

a4 � 5�2x�3 � 40x3

a3 � 5�2x�2 � 20x2

a2 � 5�2x�1 � 10x

a1 � 5

a1 � 5, r � 2x 21.

 an � 64�1

2�
n�1

�128�1

2�
n

 r �
1
2

a5 �
1

2
�8� � 4

a4 �
1

2
�16� � 8

a3 �
1

2
�32� � 16

a2 �
1

2
�64� � 32

a1 � 64

a1 � 64,  ak�1 �
1

2
ak

22.

an � 81� 1
3�

n�1
� 243� 1

3�
n

a5 �
1
3�3� � 1

a4 �
1
3�9� � 3

a3 �
1
3�27� � 9

a2 �
1
3�81� � 27

a1 � 81

a1 � 81, ak�1 �
1
3ak 23.

an � 7�2�n�1 �
7
2�2�n

  r � 2

a5 � 2�56� � 112

a4 � 2�28� � 56

a3 � 2�14� � 28

a2 � 2�7� � 14

a1 � 7

a1 � 7, ak�1 � 2ak 24.

an � 5��2�n�1 � �
5
2��2�n

a5 � �2��40� � 80

a4 � �2�20� � �40

a3 � �2��10� � 20

a2 � �2�5� � �10

a1 � 5

a1 � 5, ak�1 � �2ak
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25.

an � 6��3
2�n�1

  or   an � �4��3
2�n

r � �
3
2

a5 � �
3
2��81

4 � �
243
8

a4 � �
3
2�27

2 � � �
81
4

a3 � �
3
2��9� �

27
2

a2 � �
3
2�6� � �9

a1 � 6

a1 � 6,  ak�1 � �
3
2ak 26.

an � 48��1
2�n�1

� �96��1
2�n

a5 � �
1
2 ��6� � 3

a4 � �
1
2 �12� � �6

a3 � �
1
2 ��24� � 12

a2 � �
1
2�48� � �24

a1 � 48

a1 � 48, ak�1 � �
1
2ak 27.

a10 � 4�1
2�

9
� �1

2�
7

�
1

128

an � a1r
n�1 � 4�1

2�n�1

a1 � 4,  r �
1
2,  n � 10

28.

a8 � 5 �3

2�
7

�
10,935

128

an � a1r
n�1 � 5�3

2�
n�1

a1 � 5,   r �
3

2
,   n � 8 29.

a12 � 6��
1

3�
11

� �
2

310

an � a1r
n�1 � 6��

1

3�
n�1

1a1 � 6,  r � �
1

3
,  n � 12 30.

 a10 � 64��
1
4�

9

� �
64

262,144

 an � a1r
n�1 � 64��

1
4�

n�1

 a1 � 64, r � �
1
4

, n � 10

31.

a9 � 100�ex�8 � 100e8x

an � a1r
n�1 � 100�ex�n�1

a1 � 100,  r � ex,  n � 9 32.

 a8 � 1��3�7
� 27�3

 an � a1 rn�1 � 1��3 �n�1

 a1 � 1, r � �3, n � 8 33.

a40 � 500�1.02�39 � 1082.372

an � a1r
n�1 � 500�1.02�n�1

a1 � 500,  r � 1.02,  n � 40

34.

 a60 � 1000�1.005�59 � 1342.139

 an � a1r
n�1 � 1000�1.005�n�1

a1 � 1000,   r � 1.005,   n � 60 35.

a9 � 7�3�8 � 45,927

an � 7�3�n�1

7, 21, 63, .  .  . ⇒  r � 3 36.

a7 � �3��12�6 � 8,957,952

an � a1r
�n�1�

r �
a2

a1
�

36
3

� 12

a1 � 3, a2 � 36, a3 � 432

37.

a10 � 5�6�9 � 50,388,480

an � 5�6�n�1

5, 30, 180, .  .  . ⇒  r � 6 38.

a22 � �4��2�21 � 8,388,608

an � a1r
n�1

r �
a2

a1
�

8
4

� 2

a1 � 4, a2 � 8, a3 � 16 39.

a3 � 16�3
4�

2
� 9

an � 16�3
4�

n�1

3
4

� r

27
64

� r3

27
4

� 16r3

a4 � a1r
3

a1 � 16, a4 �
27
4
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40.

a1 � 12

3 � a1�1
4�

a2 � a1r
1

r �
1
4

1
64

� r3

3
64

� 3r3

a5 � a2r
3

a5 � a2r
�5�2�

a2 � 3, a5 �
3

64
41.

a6 �
a7

r
�

2	3
�1	3

� �2

�
1
3

� r

�
1
27

� r3

2
3

� �18r3

a7 � a4r
3

a4 � �18, a7 �
2
3

42.

a7 � �64
27��

2
3�

2

�
256
243

a7 � a5r
2

a7 � a5r
�7�5�

r �
2
3

r 2 �
4
9

64
27

�
16
3

r 2

a5 � a3r
2

a5 � a3r
�5�3�

a3 �
16
3

, a5 �
64
27

43.

and 

Since the sequence is decreasing. 

Matches (a).

0 < r < 1,

r �
2
3a1 � 18

an � 18� 2
3�

n�1
44.

so the sequence alternates as it 
approaches 0. 

Matches (c).

r � ��2
3� > �1,

an � 18��2
3�n �1

45.

and so the sequence is increasing.

Matches (b).

r �
3
2 > 1,a1 � 18

an � 18�3
2�

n�1
46.

so the sequence alternates as it
approaches 

Matches (d).

�.
r � ��3

2� < �1,

an � 18��3
2�n �1

47.

0

−16

10

16

an � 12��0.75�n�1 48.

0
0 10

400

an � 10�1.5�n�1 49.

0

−15

10

15

an � 12��0.4�n�1

50.

−200

0 10

200

an � 20��1.25�n�1 52.

0
0 10

66

an � 10�1.2�n�151.

0
0

10

24

an � 2�1.3�n�1

53.

S9 �
1�1 � 29�

1 � 2
� 511

�
9

n�1

2n�1 � 1 � 21 � 22 � .  .  . � 28  ⇒  a1 � 1,  r � 2
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54.

S10 � 1
1 � �5
2�10

1 � �5
2� � � �

2

3
1 � �5

2�
10� �

3,254,867

512
� 6357.162

�
10

n�1
�5

2�
n�1

� 1 � �5

2�
1

� �5

2�
2

� .  .  . � �5

2�
9

 ⇒  a1 � 1, r �
5

2

55.

S9 � 1�1 � ��2�9

1 � ��2� � � 171

�
9

n�1

��2�n�1  ⇒  a1 � 1, r � �2, n � 9

56.

S8 � 5
1 � ��3
2�8

1 � ��3
2� � � 2
1 � ��

3

2�
8� � �

6305

128
� �49.258

�
8

n�1

5��
3

2�
n�1

� 5 � 5��
3

2�
1

� 5��
3

2�
2

� .  .  . � 5��
3

2�
7

 ⇒  a1 � 5, r � �
3

2

57.

S7 � 64
1 � ��1
2�7

1 � ��1
2� � �

128

3 
1 � ��
1

2�
7

� � 43

�
7

i�1

64��
1

2�
i�1

� 64 � 64��
1

2�
1

� 64��
1

2�
2

� .  .  . � 64��
1

2�
6  ⇒  a1 � 64,  r � �

1

2

58.

S10 � 2
1 � �1
4�10

1 � �1
4� � �

8

3
1 � �1

4�
10� � 2.667

�
10

i�1

2�1

4�
i�1

� 2 � 2�1

4�
1

� 2�1

4�
2

� .  .  . � 2�1

4�
9

 ⇒  a1 � 2, r �
1

4

59.

S6 � 32�1 � �1
4�6

1 �
1
4
� �

1365

32

�
6

i�1

32�1

4�
i�1

� 32 � 32�1

4�
1

� 32�1

4�
2

� 32�1

4�
3

� 32�1

4�
4

� 32�1

4�
5

 ⇒  a1 � 32, r �
1

4
, n � 6

60.

S12 � 16
1 � �1
2�12

1 � �1
2� � � 32
1 � �1

2�
12� �

4095

128
� 31.992

�
12

i�1

16�1

2�
i�1

� 16 � 16�1

2�
1

� 16�1

2�
2

� .  .  . � 16�1

2�
11

 ⇒  a1 � 16, r �
1

2

61.

S21 � 3
1 � �3
2�21

1 �
3
2

� � �6
1 � �3

2�
21

� � 29,921.311

�
20

n�0

3�3

2�
n

� �
21

n�1

3�3

2�
n�1

� 3 � 3�3

2�
1

� 3�3

2�
2

� .  .  . � 3�3

2�
20

  ⇒  a1 � 3,  r �
3

2

62.

S41 � 5 � 3
1 � �3
5�40

1 � �3
5� � � 5 �

15
2 
1 � �3

5�
40

� � 12.500

�
40

n�0

5�3

5�
n

� 5 � �
40

n�1 
5�3

5�
n

� 5 � 
5�3

5�
1

� 5�3

5�
2

� 5�3

5�
3

� .  .  . � 5�3

5�
40

� ⇒  a1 � 3, r �
3

5
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63.

S16 � 2�1 � �4
3�16

1 �
4
3
� � 592.647

�
15

n�0

2�4

3�
n

� �
16

n�1

2�4

3�
n�1

 � 2 � 2�4

3�
1

� 2�4

3�
2

� .  .  . � 2�4

3�
15

 ⇒  a1 � 2, r �
4

3
, n � 16

65.

S6 � 300
1 � �1.06�6

1 � 1.06 � � 2092.596

 � 300 � 300�1.06�1 � 300�1.06�2 � 300�1.06�3 � 300�1.06�4 � 300�1.06�5   ⇒   a1 � 300,  r � 1.06

 �
5

n�0

300�1.06�n � �
6

n�1

300�1.06�n�1

67.

� 1.6 �
8
5

S41 � 2
1 � ��1
4�41

1 � ��1
4� � �

8

5
1 � ��
1

4�
41

�

�
40

n�0

2��
1

4�
n

� 2 � 2��
1

4� � 2��
1

4�
2

� .  .  . � 2��
1

4�
40

  ⇒  a1 � 2,  r � �
1

4
, n � 41

64.

S21 � 10 � 2
1 � �1
5�20

1 � �1
5� � � 10 �

5
2
1 � �1

5�
20

� � 12.500

�
20

n�0

10�1

5�
n

� 10 � �
20

n�1 
10�1

5�
n

� 10 � 
10�1

5�
1

� 10�1

5�
2

� 10�1

5�
3

� .  .  . � 10�1

5�
20

� ⇒  a1 � 2, r �
1

5

66.

S7 � 500 � 520
1 � �1.04�6

1 � �1.04� � � 500 � 13,000�1 � �1.04�6
 � 3949.147

a1 � 520, r � 1.04

�
6

n�0
500�1.04�n � 500 � �

6

n�1
500�1.04�n � 500 � �500�1.04�1 � 500�1.04�2 �  .  .  . � 500�1.04�6


68.

S51 � 15 � 10
1 � �2
3�50

1 � �2
3� � � 15 � 30
1 � �2

3�
50� � 45.000

�
50

n�0
10�2

3�
n�1

�15 � �
50

n�1
10�2

3�
n�1

�15 � 
10 � 10�2
3�

1
� 10�2

3�
2

�  .  .  . � 10�2
3�

49�  ⇒  a1 � 10, r �
2
3

69.

� 6.400S10 � 8
1 � ��1
4�10

1 � ��1
4� � �

32

5 
1 � ��
1

4�
10

�

�
10

i�1

8��
1

4�i�1
� 8 � 8��

1

4�1
� 8��

1

4�2
� .  .  . � 8��

1

4�9
  ⇒  a1 � 8,  r � �

1

4

70.

S26 � 8 � 4
1 � ��1
2�25

1 � ��1
2� � � 8 �

8
3
1 � ��

1
2�

25� � 5.333

�
25

i�0
8��

1
2�

i

�8 � �
25

i�1
8��

1
2�

i
�8 � 
�4 � 8��

1
2�

2
� 8��

1
2�

3
�  .  .  . � 8��

1
2�

25�  ⇒  a1 � �4, r � �
1
2

71.

S10 � 5�1 � ��1
3�10

1 � ��1
3� � � 3.750

�
10

i�1

5��
1

3�
i�1

� 5 � 5��
1

3�
1

� 5��
1

3�
2

� .  .  . � 5��
1

3�
9

 ⇒  a1 � 5, r � �
1

3
, n � 10
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72.

S100 � 15
1 � �2
3�100

1 � �2
3� � � 45
1 � �2

3�
100� � 45.000

�
100

i�1
15�2

3�
i�1

�15 � 15�2
3�

1
�15�2

3�
2

�  .  .  . � 15�2
3�

99
  ⇒  a1 � 15, r �

2
3

73.

Thus, the sum can be written as �
7

n�1

5�3�n�1.

6 � n � 1  ⇒  n � 7729 � 3n�1  ⇒  

r � 3  and  3645 � 5�3�n�1

5 � 15 � 45 � .  .  . � 3645 74.

Thus, the sum can be written as �
8

n�1
7�2�n�1.

 n � 8

 n � 1 � 7

 2n�1 � 27

 2n�1 � 128

 7�2�n�1 � 896

a1 � 7, r � 2

7 � 14 � 28 � .  .  . � 896

75.

and 

By trial and error, we find that 

Thus, the sum can be written as �
7

n�1
2��

1
4�

n�1
.

n � 7.

1
2048

� 2��
1
4�

n�1
r � �

1
4

2 �
1
2

�
1
8

� .  .  . �
1

2048
76.

By trial and error, we find that 
Thus, the sum can be written as 

�
6

n�1
15��

1
5�

n�1

.

n � 6.

 ��
1
5�

n

�
1

15,625

 ��
1
5�

n�1

� �
1

3125

 15��
1
5�

n�1

� �
3

625

a1 � 15, r � �
1
5

15 � 3 �
3
5

� .  .  . �
3

625

77.

and 

Thus, the sum can be written as �
6

n�1
0.1�4�n�1.

1024 � 4n�1  ⇒  5 � n � 1  ⇒  n � 6

102.4 � 0.1�4�n�1r � 4

0.1 � 0.4 � 1.6 � .  .  . � 102.4 78.

Thus, the sum can be written as 

�
5

n�1
32�3

4�
n�1

.

 n � 5

 n � 1 � 4

 �3
4�

n�1

� �3
4�

4

 �3
4�

n�1

�
81

256

 32�3
4�

n�1

� 10.125 �
81
8

a1 � 32, r �
3
4

32 � 24 � 18 � .  .  . � 10.125
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79.

�
�

n�0
�1

2�
n

�
a1

1 � r
�

1

1 � �1
2� � 2

a1 � 1,  r �
1

2

�
�

n�0
�1

2�
n

� 1 � �1
2�

1
� �1

2�
2

� .  .  . 80.

�
�

n�0

2�2

3�
n

�
a1

1 � r
�

2

1 �
2
3

� 6

a1 � 2, r �
2
3

�
�

n�0

2�2

3�
n

� 2 � 2�2

3�
1

� 2�2

3�
2

� .  .  .

81.

�
�

n�0
��

1

2�
n

�
a1

1 � r
�

1

1 � ��1
2�

�
2

3

a1 � 1,  r � �
1

2

�
�

n�0
��

1
2�

n
� 1 � ��

1
2�

1
� ��

1
2�

2
� .  .  . 82.

�
�

n�0

2��
2

3�
n

�
a1

1 � r
�

2

1 � ��2
3�

�
6

5

a1 � 2, r � �
2

3

�
�

n�0
2��

2
3�

n

� 2 � 2��
2
3�

1

� 2��
2
3�

2

� .  .  .  

83.

�
�

n�0

4�1

4�
n

�
a1

1 � r
�

4

1 � �1
4� �

16

3

a1 � 4,  r �
1

4

�
�

n�0
4�1

4�
n

� 4 � 4�1
4�

1
� 4�1

4�
2

� .  .  .  

87.

�
�

n�0
�3�0.9�n �

�3
1 � 0.9

� �30

a1 � �3, r � 0.9

�
�

n�0
�3�0.9�n � �3 � 3�0.9�1 � 3�0.9�2 �  .  .  . 88.

�
�

n�0
�10�0.2�n �

�10
1 � 0.2

� �12.5

a1 � �10, r � 0.2

�
�

n�0
��10�0.2�n
 � �10 � 10�0.2�1 � 10�0.2�2 � .  .  .

89. 8 � 6 �
9

2
�

27

8
�  .  .  . � �

�

n�0

8�3

4�
n

�
8

1 �
3
4

� 32

84.

�
�

n�0
� 1

10�
n

�
a1

1 � r
�

1

1 �
1
10

�
10

9

a1 � 1, r �
1

10

�
�

n�0
� 1

10�
n

� 1 � � 1
10�

1

� � 1
10�

2

� .  .  .

85.

�
�

n�0
�0.4�n �

1
1 � 0.4

�
5
3

a1 � 1, r � 0.4

�
�

n�0
�0.4�n � 1 � �0.4�1 � �0.4�2 �  .  .  .  86.

�
�

n�0
4�0.2�n �

4
1 � 0.2

� 5

a1 � 4, r � 0.2

�
�

n�0
4�0.2�n � 4 � 4�0.2�1 � 4�0.2�2 � .  .  .

90.

�
�

n�0
9�2

3�
n

�
9

1 �
2
3

� 27

a1 � 9, r �
2
3

9 � 6 � 4 �
8
3

� .  .  . 91.

The sum is undefined because

�r� � ��3� � 3 > 1.

1
9

�
1
3

� 1 � 3 �  .  .  . � �
�

n�0
 
1
9

��3�n
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92.

The sum is undefined because 

�r� � ��6
5� �

6
5

> 1.

�125
36

�
25
6

� 5 � 6 � .  .  . � �
�

n�0
�

125
36 ��

6
5�

n

93. 0.36 � �
�

n�0

0.36�0.01�n �
0.36

1 � 0.01
�

0.36

0.99
�

36

99
�

4

11

94.

 �
297

999
�

11

37

0.297 � �
�

n�0

0 .297�0.001�n �
0.297

1 � 0.001
�

0.297

0.999
95.

 �
35

110
�

7

22

 �
3

10
�

0.018

0.99
�

3

10
�

18

990
�

3

10
�

2

110

0.318 � 0.3 � �
�

n�0

0.018�0.01�n �
3

10
�

0.018

1 � 0.01

96. 1.38 � 1.3 � �
�

n�0

0 .08�0.1�n � 1.3 �
0.08

1 � 0.1
� 1.3 �

0.08

0.9
� 1

3

10
�

4

45
� 1

7

18
�

25

18

97.

The horizontal asymptote of 
This corresponds to the sum of the series.

f �x� is y � 12.

−4

−15

10

20

f �x� � 6
1 � �0.5�x

1 � �0.5� �, �
�

n�0

6�1

2�
n

�
6

1 �
1
2

� 12 98.

The horizontal asymptote of is 
This corresponds to the sum of the series.

−9

−25

18

20

y � 10.f�x�

f�x� � 2
1 � �0.8�x

1 � �0.8� �, �
�

n�0

2�4

5�
n

�
2

1 �
4
5

� 10

99. (a)

(b) The population is growing at a rate of 0.6% per year.

(c) For 2010, let :

million

(d)

This corresponds with the year 2008.

 n �

ln� 1320
1190.88�

ln 1.006
� 17.21

 n ln 1.006 � ln� 1320
1190.88�

 ln 1.006n � ln� 1320
1190.88�

 1.006n �
1320

1190.88

 1190.88�1.006�n � 1320

� 1342.2

an � 1190.88�1.006�20n � 20

an � 1190.88�1.006�n 100.

(a)

(b)

(c)

(d)

(e) n � 365, A � 1000�1 �
0.06

365 �
365�10�

� $1822.03

n � 12, A � 1000�1 �
0.06

12 �
12�10�

� $1819.40

n � 4, A � 1000�1 �
0.06

4 �
4�10�

� $1814.02

n � 2, A � 1000�1 �
0.06

2 �
2�10�

� $1806.11

n � 1,  A � 1000�1 � 0.06�10 � $1790.85

A � P�1 �
r

n�
nt

� 1000�1 �
0.06

n �
n�10�
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101.

(a)

(b)

(c)

(d)

(e) n � 365: A � 2500�1 �
0.02

365 �
�365��20�

� $3729.52

n � 12: A � 2500�1 �
0.02

12 �
�12��20�

� $3728.32

n � 4: A � 2500�1 �
0.02

4 �
�4��20�

� $3725.85

n � 2: A � 2500�1 �
0.02

2 �
�2��20�

� $3722.16

n � 1:  A � 2500�1 �
0.02

1 ��1��20�
� $3714.87

A � P�1 �
r

n�
nt

� 2500�1 �
0.02

n �
n�20�

102. V5 � 135,000�0.70�5 � $22,689.45

103. A � �
60

n�1

100�1 �
0.06

12 �
n

� �
60

n�1

100�1.005�n � 100(1.005� �
�1 � 1.00560

�1 � 1.005


� $7011.89

104.

 � $3698.34

 � 50�1.006666667��1 � �1.006666667�60

1 � 1.006666667 �

 A � �
60

n�1
50�1 �

0.08
12 �

n

105. Let be the total number of deposits.

 � P
�1 �
r

12�
12t

� 1��1 �
12

r �

 � P
�1 �
r

12�
N

� 1��1 �
12

r �

 � P�12

r
� 1�
�1 � �1 �

r

12�
N

�

 � P�1 �
r

12���
12

r �
1 � �1 �
r

12�
N

�

 � P�1 �
r

12�
1 � �1 �
r

12�
N

1 � �1 �
r

12� �
 � P�1 �

r

12� �
N

n�1
�1 �

r

12�
n�1

 � �1 �
r

12�
P � P�1 �
r

12� � .  .  . � P�1 �
r

12�
N�1

�

 A � P�1 �
r

12� � P�1 �
r

12�
2

� .  .  . � P�1 �
r

12�
N

N � 12t

106. Let be the total number of deposits.

 �
Per	12�ert � 1�

�er	12 � 1�

 � Per	12
�1 � �er	12�12t �

1 � er	12

 � Per	12
�1 � �er	12�N �

�1 � er	12�

 � �
N

n�1

Per	12�n

A � Per	12 � Pe2r	12 � .  .  . � PeNr	12

N � 12t 107.

(a) Compounded monthly:

(b) Compounded continuously:

A �
50e0.07	12�e0.07�20� � 1�

e0.07	12 � 1
� $26,263.88

 � $26,198.27

A � 50
�1 �
0.07

12 �
12�20�

� 1��1 �
12

0.07�

P � $50,  r � 7%,  t � 20 years
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108.

(a) Compounded monthly:

(b) Compounded continuously: A �
75e0.03	12�e0.03�25� � 1�

e0.03	12 � 1
� $33,551.91

A � 75
�1 �
0.03

12 �12�25�
� 1��1 �

12

0.03� � $33,534.21

P � $75, r � 3%, t � 25 years

109.

(a) Compounded monthly:

(b) Compounded continuously: A �
100e0.10	12�e�0.10��40� � 1�

e0.10	12 � 1
� $645,861.43

A � 100
�1 �
0.10

12 �12�40�
� 1��1 �

12

0.10� � $637,678.02

P � $100, r � 10%, t � 40 years

110.

(a) Compounded monthly:

(b) Compounded continuously: A �
20e0.06	12�e0.06�50� � 1�

e0.06	12 � 1
� $76,533.16

A � 20
�1 �
0.06

12 �12�50�
� 1��1 �

12

0.06� � $76,122.54

P � $20, r � 6%, t � 50 years

111.

 � W�12

r �
1 � �1 �
r

12�
�12t

�

 � W 

1 � �1 �

r

12�
�12t�

�1 �
r

12� � 1

 � W� 1

1 �
r

12
�


1 � �1 �
r

12�
�12t�

1 �
1

�1 �
r

12�

 � W�1 �
r

12�
�1
1 � �1 �

r

12�
�12t

1 � �1 �
r

12�
�1 �

P � W �
12t

n�1

�1 �

r

12�
�1

�
n

112.

P � 2000� 12

0.09�
1 � �1 �
0.09

12 ��12�20�� � $222,289.91

P � W�12

r �
1 � �1 �
r

12�
�12t�

W � $2000, t � 20, r � 9%

113. �
�

n�1
400�0.75�n �

300
1 � 0.75

� $1200 114.

 � $1000

 �
200
0.20

 �
200

1 � 0.80

 Amount put back into economy � �
�

n�1
250�0.80�n

r � 80% � 0.80

a1 � 250�0.80� � 200
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115. �
�

n�1
600�0.725�n �

435
1 � 0.725

� $1581.82 116.

 � $1550

 �
348.75
0.225

 �
348.75

1 � 0.775

 Amount put back into economy � �
�

n�1
450�0.775�n

r � 77.5% � 0.775

a1 � 450�0.775� � 348.75

117.

Total area of shaded region is approximately 
126 square inches.

64 � 32 � 16 � 8 � 4 � 2 � 126 118.

The total sales over the 10-year period is $2653.80 million.

 � 2887.141484 � 233.336893 � 2653.80

 � 64.84721�1 � e�0.172��13�

1 � e0.172 � � 64.84721�1 � e�0.172��3�

1 � e0.172 �
 S � S13 � S3

Sn � �
n

i�1
a1r

i�1 � a1�1 � r n

1 � r �
a1 � 54.6e0.172 � 64.84721

r � e0.172n

an � 54.6e0.172n, n � 4, 5, .  .  . , 13

119.

T � �
40

n�1

30,000�1.05�n�1 � 30,000
�1 � 1.0540�
�1 � 1.05�

� $3,623,993.23

an � 30,000�1.05�n�1

120. (a)

(b) t � 1 � 2 �
�

n�1

�0.9�n � 1 � 2
 0.9

1 � 0.9� � 19 seconds

Total distance � 
 �
�

n�0

32�0.81�n� � 16 �
32

1 � 0.81
� 16 � 152.42 feet

121. False. A sequence is geometric if the 
ratios of consecutive terms are the same.

122. False. NOT 

The nth-term of a geometric sequence can be found by 
multiplying its first term by its common ratio raised to 
the power.�n � 1�th

ra1
n�1an � a1r

n�1,

123. Given a real number r between and 1,
as the exponent n increases, approaches zero.rn

�1 124. Sample answer:

�
199

n�1
4��1�n�1 and �

8

n�1
�

4
85

��2�n�1

125.

 � x2 � 2x � 1 � 1 � x2 � 2x

 g�x � 1� � �x � 1�2 � 1

g�x� � x2 � 1 126.

f �x � 1� � 3�x � 1� � 1 � 3x � 4

f �x� � 3x � 1
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127.

 � 3x2 � 6x � 1

 � 3�x2 � 2x� � 1

 f �g�x � 1�� � f �x2 � 2x�

f �x� � 3x � 1, g�x� � x2 � 1 128.

From Exercise 126

 � 9x2 � 24x � 15

 � �3x � 4�2 � 1

 g � f �x � 1�� � g�3x � 4�

g�x� � x2 � 1

129. 9x3 � 64x � x�9x2 � 64� � x�3x � 8��3x � 8�

131. 6x2 � 13x � 5 � �3x � 1��2x � 5�

133.
3

x � 3
�

x�x � 3�
x � 3

�
3x

x � 3
, x � �3

135.
x
3

�
3x

6x � 3
�

x
3

�
3�2x � 1�

3x
�

2x � 1
3

, x � 0, �
1
2

130. Does not factorx2 � 4x � 63

132.

 � 4x2�2 � x��2 � x�

 16x2 � 4x4 � 4x2�4 � x2�

134. x � �7, 2
x � 2
x � 7

�
2x
1
�x � 7�

6x
3

�x � 2� �
1
3

,

136. x � 3, 5
x � 5
x � 3

�
10 � 2x
2�3 � x� �

x � 5
x � 3

�
�2�x � 3�
�2�x � 5� � 1,

137.

 �
5x2 � 20 � 7x � 14 � 2x � 4

�x � 2��x � 2� �
5x2 � 9x � 30
�x � 2��x � 2�

 �
5�x2 � 4� � 7�x � 2� � 2�x � 2�

�x � 2��x � 2�

 5 �
7

x � 2
�

2
x � 2

�
5�x � 2��x � 2� � 7�x � 2� � 2�x � 2�

�x � 2��x � 2�

138.

�
7x2 � 21x � 53
�x � 1��x � 4�

�
8x2 � 24x � 32 � x2 � 2x � 1 � 4x � 16 � x � 4

�x � 1��x � 4�

�
8�x2 � 3x � 4� � �x2 � 2x � 1� � 4x � 16 � x � 4

�x � 1��x � 4�

�
8�x � 1��x � 4� � �x � 1�2 � 4�x � 4� � �x � 4�

�x � 1��x � 4�8 �
x � 1
x � 4

�
4

x � 1
�

x � 4
�x � 1��x � 4�

Section 9.4 Mathematical Induction

■ You should be sure that you understand the principle of mathematical induction. If is a statement involving 
the positive integer n, where is true and the truth of implies the truth of for every positive k, then 
is true for all positive integers n.

■ You should be able to verify (by induction) the formulas for the sums of powers of integers and be able to use 
these formulas.

■ You should be able to calculate the first and second differences of a sequence.

■ You should be able to find the quadratic model for a sequence, when it exists.

PnPk�1PkP1

Pn

139. Answers will vary.



Section 9.4 Mathematical Induction 853

Vocabulary Check

1. mathematical induction 2. first

3. arithmetic 4. second

1.

 Pk�1 �
5

�k � 1���k � 1� � 1�
�

5

�k � 1��k � 2�

 Pk �
5

k�k � 1�

3.

 Pk�1 �
�k � 1�2��k � 1� � 1�2

4
�

�k � 1�2�k � 2�2

4

 Pk �
k2�k � 1�2

4

5. 1. When 

2. Assume that

Then,

Therefore, we conclude that the formula is valid for all positive integer values of n.

 � Sk � 2�k � 1� � k�k � 1� � 2�k � 1� � �k � 1��k � 2�.

 Sk�1 � 2 � 4 � 6 � 8 � .  .  . � 2k � 2�k � 1�

Sk � 2 � 4 � 6 � 8 � .  .  . � 2k � k�k � 1�.

S1 � 2 � 1�1 � 1�.n � 1,

2.

 Pk�1 �
1

2�k � 1 � 2� �
1

2�k � 3�

 Pk �
1

2�k � 2�

4.

 Pk�1 �
k � 1

3
�2�k � 1� � 1� �

k � 1
3

�2k � 3�

 Pk �
k
3

�2k � 1�

6. 1. When 

2. Assume that

Then,

Therefore, we conclude that this formula is valid.

 � �k � 1��2�k � 1� � 1� .

 � �k � 1��2k � 3�

 � 2k 2 � 5k � 3

 � k�2k � 1� � �4k � 3�

 Sk�1 � Sk � ak�1��3 � 7 � 11 � 15 � .  .  . � �4k � 1�� � �4�k � 1� � 1�

Sk � 3 � 7 � 11 � 15 � .  .  . � �4k � 1� � k�2k � 1�.

S1 � 3 � 1�2 � 1 � 1�.n � 1,
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7. 1. When 

2. Assume that

Then,

Therefore, we conclude that this formula is valid for all positive integer values of n.

 �
�k � 1��5k � 4�

2
�

�k � 1�
2

�5�k � 1� � 1�.

 �
5k2 � k � 10k � 4

2
�

5k2 � 9k � 4

2

 � Sk � �5k � 5 � 3� �
k

2
�5k � 1� � 5k � 2

Sk�1 � 2 � 7 � 12 � 17 � .  .  . � �5k � 3� � �5�k � 1� � 3�

Sk � 2 � 7 � 12 � 17 � .  .  . � �5k � 3� �
k

2
�5k � 1�.

S1 � 2 �
1

2
�5�1� � 1�.n � 1,

8. 1. When 

2. Assume that

Then,

Therefore, we conclude that this formula is valid for all positive integer values of n.

 �
k � 1

2
�3�k � 1� � 1�.

 �
�k � 1��3k � 2�

2

 �
3k2 � 5k � 2

2

 �
3k2 � k � 6k � 2

2

 �
k

2
�3k � 1� � �3k � 1�

Sk�1 � Sk � ak�1 � �1 � 4 � 7 � 10 � .  .  . � �3k � 2�� � �3�k � 1� � 2�

Sk � 1 � 4 � 7 � 10 � .  .  . � �3k � 2� �
k

2
�3k � 1�.

S1 � 1 �
1

2
�3 � 1 � 1�.

n � 1,

9. 1. When 

2. Assume that

Then,

Therefore, we conclude that this formula is valid for all positive integer values of n.

 � Sk � 2k � 2k � 1 � 2k � 2�2k� � 1 � 2k�1 � 1.

Sk�1 � 1 � 2 � 22 � 23 � .  .  . � 2k�1 � 2k

Sk � 1 � 2 � 22 � 23 � .  .  . � 2k�1�2k � 1.

S1 � 1 � 21 � 1.n � 1,
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10. 1. When 

2. Assume that

Then,

Therefore, we conclude that this formula is valid for all positive integer values of n.

 � 3k�1 � 1.

 � 3 � 3k � 1

 � 3k � 1 � 2 � 3k

 � �2�1 � 3 � 32 � 33 � .  .  . � 3k�1�� � 2 � 3k�1�1

 Sk�1 � Sk � ak�1

Sk � 2�1 � 3 � 32 � 33 � .  .  . � 3k�1� � 3k � 1.

n � 1, S1 � 2 � 31 � 1.

11. 1. When 

2. Assume that

Then,

Therefore, we conclude that this formula is valid for all positive integer values of n.

 � Sk � �k � 1� �
k�k � 1�

2
�

2�k � 1�
2

�
�k � 1��k � 2�

2
.

Sk�1 � 1 � 2 � 3 � 4 � .  .  . � k � �k � 1�

Sk � 1 � 2 � 3 � 4 � .  .  . � k �
k�k � 1�

2
.

n � 1, S1 � 1 �
1�1 � 1�

2
.

12.

1. When 

2. Assume that

Then,

Therefore, we conclude that this formula is valid for all positive integer values of n.

 �
�k � 1�2�k2 � 4k � 4�

4
�

�k � 1�2�k � 2�2

4
�

�k � 1�2��k � 1� � 1�2

4

 � Sk � �k � 1�3 �
k2�k � 1�2

4
� �k � 1�3 �

k2�k � 1�2 � 4�k � 1�3

4

Sk�1 � 13 � 23 � 33 � 43 � .  .  . � k3 � �k � 1�3

Sk � 13 � 23 � 33 � 43 � .  .  . � k3 �
k2�k � 1�2

4
.

n � 1, Sn � 13 � 1 �
12�1 � 1�2

4
.

Sn � 13 � 23 � 33 � 43 � .  .  . � n3 �
n2�n � 1�2

4
.
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13. 1. When 

2. Assume that

Then,

Therefore, we conclude that this formula is valid for all positive integer values of n.

Note: The easiest way to complete the last two steps is to “work backwards.” Start with the desired expression 
for and multiply out to show that it is equal to the expression you found for Sk � �k � 1�5.Sk�1

 �
�k � 1�2�k � 2�2�2�k � 1�2 � 2�k � 1� � 1�

12
.

 �
�k � 1�2�k2 � 4k � 4��2k2 � 6k � 3�

12

 �
�k � 1�2�2k4 � 14k3 � 35k2 � 36k � 12�

12

 �
�k � 1�2�2k4 � 2k3 � k2 � 12�k3 � 3k2 � 3k � 1��

12

 �
�k � 1�2�k2�2k2 � 2k � 1� � 12�k � 1�3�

12

 �
k2�k � 1�2�2k2 � 2k � 1�

12
�

12�k � 1�5

12

 Sk�1 � �
k�1

i�1
i5 � ��

k

i�1
i5� � �k � 1�5

Sk � �
k

i�1

i5 �
k2�k � 1�2�2k2 � 2k � 1�

12
.

n � 1, S1 � 1 �
�1�2�1 � 1�2�2�1�2 � 2�1� � 1�

12
.

14. 1. When 

2. Assume that

Then,

Therefore, we conclude that this formula is valid for all positive integer values of n.

 �
�k � 1��k � 2��2�k � 1� � 1��3�k � 1�2 � 3�k � 1� � 1�

30
.

 �
�k � 1��k � 2��2k � 3��3k2 � 9k � 5�

30

 �
�k � 1��6k4 � 39k3 � 91k2 � 89k � 30�

30

 �
�k � 1��k�2k � 1��3k2 � 3k � 1� � 30�k � 1�3�

30

 �
k�k � 1��2k � 1��3k2 � 3k � 1� � 30�k � 1�4

30

 �
k�k � 1��2k � 1��3k2 � 3k � 1�

30
� �k � 1�4

Sk�1 � Sk � ak�1 � Sk � �k � 1�4

Sk � �
k

i�1

i4 �
k�k � 1��2k � 1��3k2 � 3k � 1�

30
.

S1 � 14 �
1�1 � 1��2 � 1 � 1��3 � 12 � 3 � 1 � 1�

30
.

n � 1,
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15. 1. When 

2. Assume that

Then,

Therefore, we conclude that this formula is valid for all positive integer values of n.

 �
�k � 1��k � 2��k � 3�

3
.

 � Sk � �k � 1��k � 2� �
k�k � 1��k � 2�

3
�

3�k � 1��k � 2�
3

Sk�1 � 1�2� � 2�3� � 3�4� � .  .  . � k�k � 1� � �k � 1��k � 2�

Sk � 1�2� � 2�3� � 3�4� � .  .  . � k�k � 1� �
k�k � 1��k � 2�

3
.

n � 1, S1 � 2 �
1�2��3�

3
.

16. 1. When 

2. Assume that

Then,

Therefore, we conclude that this formula is valid for all positive integer values of n.

 �
k � 1

2�k � 1� � 1
.

 �
�2k � 1��k � 1�
�2k � 1��2k � 3�

 �
2k2 � 3k � 1

�2k � 1��2k � 3�

 �
k�2k � 3� � 1

�2k � 1��2k � 3�

 �
k

2k � 1
�

1

�2k � 1��2k � 3�

Sk�1 � Sk � ak�1 � Sk �
1

�2�k � 1� � 1��2�k � 1� � 1�

Sk � �
k

i�1

1

�2i � 1��2i � 1�
�

k

2k � 1
.

S1 �
1

3
�

1

2 � 1 � 1
.

n � 1,

17. 1. When thus 

2. Assume

Then,

since and 

Thus,

Therefore, by extended mathematical induction, the inequality is valid for all integers n such that n ≥ 4.

�k � 1�! > 2k�1.

k � 1 > 2.k! > 2k�k � 1�! � k!�k � 1� > 2k�2�

k! > 2k,  k > 4.

4! > 24.n � 4, 4! � 24 and 24 � 16, 
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18. 1. When 

2. Assume that 

Then,

Thus,

Therefore, the inequality is valid for all integers n such that n ≥ 7.�4

3�
n

> n

�4
3�

k�1

> k � 1.

�4

3�
k�1

� �4

3�
k�4

3� > k�4

3� � k �
k

3
> k � 1 for k > 7.

�4

3�
k

> k, k > 7.

�4

3�
7

� 7.4915 > 7.n � 7,

19. 1. When thus 

2. Assume that

Then,

Now it is sufficient to show that

or equivalently 

This is true because

Therefore,

Therefore, by extended mathematical induction, the inequality is valid for all integers n such that n ≥ 2.

1
	1

�
1
	2

�
1
	3

� .  .  . �
1
	k

�
1

	k � 1
> 	k � 1.

	k 	k � 1 � 1 > 	k 	k � 1 � k � 1.

	k 	k � 1 � 1 > k � 1.

�multiplying by 	k � 1�,

	k �
1

	k � 1
> 	k � 1,  k > 2,

1
	1

�
1
	2

�
1
	3

� .  .  . �
1
	k

 �
1

	k � 1
> 	k �

1
	k � 1

.

1
	1

�
1
	2

�
1
	3

� .  .  . �
1
	k

> 	k, k > 2.

1
	1

�
1
	2

> 	2.n � 2, 
1
	1

�
1
	2

� 1.707 and 	2 � 1.414,

20. 1. When 

2. Assume that

Therefore, for all integers n ≥ 1.�x

y�
n�1

< �x

y�
n

�x

y�
k�1

< �x

y�
k
 ⇒ �x

y��
x

y�
k�1

< �x

y��
x

y�
k
 ⇒ �x

y�
k�2

< �x

y�
k�1

.

�x

y�
k�1

< �x

y�
k

�x

y�
2

< �x

y� and �0 < x < y�.n � 1,

21. and 

Since a is positive, then all of the terms in the binomial expansion are positive.

�1 � a�n � 1 � na � .  .  . � nan�1 � an > na

a > 0n ≥ 1�1 � a�n ≥ na,
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22.

1. For the statement is true, because

2. Assuming that you need to show that
For you have

By the assumption you have

Because or for all 
you can say that

It follows that 

or 

Therefore, for all n ≥ 3.2n2�n � 1�2

2�k � 1�2 > �k � 2�2.

�k � 2�2 < 2k2 � 2k � 3 < 2�k � 1�2

2k2 � 2k � 3 < 2k2 � 4k � 2 � 2�k � 1�2.

k > 3,1 < 2k2k � 3 < 4k � 2,

�k � 1�2 � 2k � 3 < 2k2 � 2k � 3.

�k � 1�2 < 2k2,

 � �k � 1�2 � 2k � 3.

 � k2 � 2k � 1 � 2k � 3

�k � 2�2 � k2 � 4k � 4

n � k,2�k � 1�2 > �k � 2�2.
2k2 > �k � 1�2

2�3�2 � 18 > �3 � 1�2 � 16.
n � 3,

2n2 > �n � 1�2, n ≥ 3 23. 1. When 

2. Assume that 

Then,

Thus, �ab�n � anbn.

 � ak�1bk�1.

 � akbkab

�ab�k�1 � �ab�k�ab�

�ab�k � akbk.

n � 1, �ab�1 � a1b1 � ab.

24. 1. When 

2. Assume that 

Thus, �a

b�
n

�
an

bn
.

�
ak�1

bk�1
.�

ak

bk �
a

b
Then, �a

b�
k�1

� �a

b�
k�a

b�

�a

b�
k

�
ak

bk
.

�a

b�
1

�
a1

b1
.n � 1, 25. 1. When 

2. Assume that 

Then,

Thus, the formula is valid.

 � x1
�1x2

�1x3
�1 .  .  . xk

�1xk�1
�1.

 � �x1 x2 x3 .  .  . xk��1xk�1
�1

�x1 x2 x3
 .  .  . xk xk�1��1 � ��x1 x2 x3 

.  .  . xk�xk�1��1

�x1 x2 x3
 .  .  . xk��1 � x1

�1x2
�1x3

�1 .  .  . xk
�1.

n � 2, �x1x2��1 �
1

x1x2
�

1
x1

�
1
x2

� x1
�1x2

�1.

26. 1. When 

2. Assume that 

Thus, ln�x1x2 x3 .  .  . xn � � ln x1 � ln x2 � ln x3 � .  .  . ln xn .

 � ln x1 � ln x2 � ln x3 � .  .  . � ln xk � ln xk�1.

 � ln�x1x2 x3 .  .  . xk� � ln xk�1

Then, ln�x1 x2 x3 .  .  . xk xk�1� � ln��x1x2x3 .  .  . xk�xk�1�

ln�x1 x2 x3 . . . xk � � ln x1 � ln x2 � ln x3 � .  .  . � ln xk .

ln x1 � ln x1.n � 1,

27. 1. When 

2. Assume that

Then,

Hence, the formula holds.

 � x�y1 � y2 � .  .  . � yk � yk�1�.

 � x��y1 � y2 � .  .  . � yk� � yk�1�

xy1 � xy2 � .  .  . � xyk � xyk�1 � x�y1 � y2 � .  .  . � yk� � xyk�1

x�y1 � y2 � .  .  . � yk� � xy1 � xy2 � .  .  . � xyk.

n � 1, x�y1� � xy1.
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28. 1. When and are complex conjugates by definition.

2. Assume that and are complex conjugates. That is, if then 

Then,

This implies that and are complex conjugates. 

Therefore, and are complex conjugates for n ≥ 1.�a � bi�n�a � bi�n

�a � bi�k�1�a � bi�k�1

 � �ac � bd � � i�bc � ad �.

and �a � bi�k�1 � �a � bi�k �a � bi� � �c � di��a � bi�

 � �ac � bd � � i�bc � ad �

 �a � bi�k�1 � �a � bi�k�a � bi� � �c � di��a � bi�

�a � bi�k � c � di .�a � bi�k � c � di,�a � bi�k�a � bi�k

a � bia � bin � 1,

29. 1. When is a factor.

2. Assume that 3 is a factor of 

Then,

Since 3 is a factor of our assumption, and 3 is a factor of 
we conclude that 3 is a factor of the whole sum.

Thus, 3 is a factor of for every positive integer n.�n3 � 3n2 � 2n�

3�k2 � 3k � 2�,�k3 � 3k2 � 2k�,

 � �k3 � 3k2 � 2k� � 3�k2 � 3k � 2�.

 � �k3 � 3k2 � 2k� � �3k2 � 9k � 6�

 �k � 1�3 � 3�k � 1�2 � 2�k � 1� � k3 � 3k2 � 3k � 1 � 3k2 � 6k � 3 � 2k � 2

k3 � 3k2 � 2k.

n � 1, �13 � 3�1�2 � 2�1�� � 6 and 3

30. Prove 3 is a factor of for all positive integers n.

1. When , and 3 is a factor.

2. Assume that 3 is a factor of 

Then,

Since 3 is a factor of each term, 3 is a factor of the sum. 

Thus, 3 is a factor of for all positive integers n.n3 � n � 3

 � �k3 � k � 3� � 3k�k � 1�.

 � �k3 � k � 3� � 3k2 � 3k

 � k3 � 3k2 � 2k � 3

�k � 1�3 � �k � 1� � 3 � k3 � 3k2 � 3k � 1 � k � 1 � 3

k3 � k � 3.

13 � 1 � 3 � 3n � 1

n3 � n � 3

31. A factor of is 2.

1. When , and 2 is a factor.

2. Assume that 2 is a factor of 

Then,

Since 2 is a factor of our assumption, and 2 is a factor of 
we conclude that 2 is a factor of the entire expression. 

Thus, 2 is a factor of for every positive integer n.n4 � n � 4

2�2k3 � 3k2 � 2k�,k4 � k � 4,

 � �k4 � k � 4� � 2�2k3 � 3k2 � 2k�.

 � �k4 � k � 4� � �4k3 � 6k2 � 4k�

�k � 1�4 � �k � 1� � 4 � k4 � 4k3 � 6k2 � 4k � 1 � k � 1 � 4

k4 � k � 4.

14 � 1 � 4 � 4n � 1

n4 � n � 4
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32. Prove 3 is a factor of for all positive integers n.

1. When , and 3 is a factor.

2. Assume 3 is a factor of 

Then,

Since 3 is a factor of each term, 3 is a factor of the sum. 

Thus, 3 is a factor of for all positive integers n.22n�1 � 1

 � 4�22k�1 � 1� � 3

 � 4 � 22k�1 � 1

 � 22k�1 � 22�1

 � 2�2k�1��2 � 1

22�k�1��1 � 1 � 22k�2�1 � 1

22k�1 � 1.

22�1�1 � 1 � 23 � 1 � 8 � 1 � 9n � 1

22n�1 � 1

33. A factor of is 5.

1. When ,

and 5 is a factor.

2. Assume that 5 is a factor of 

Then,

Since 5 is a factor of our assumption, and 5 is a factor of we conclude that 
5 is a factor of the entire expression. 

Thus, 5 is a factor of for every positive integer n.24n�2 � 1

15 � 24k�2,24k�2 � 1,

 � �24k�2 � 1� � 15 � 24k�2.

 � 24k�2 � 16 � 1

 � 24k�2 � 24 � 1

 24�k�1��2 � 1 � 24k�4�2 � 1

24k�2 � 1.

24�1��2 � 1 � 5

n � 1

24n�2 � 1

34. 1. When and 5 is a factor.

2. Assume that 5 is a factor of 

Since 5 is a factor of each set in parentheses and 5 is a factor of then 5 is a factor of the whole sum.

Thus, 5 is a factor of for every positive integer n.�22n�1 � 32n�1�

5 � 32k�1,

   � �22k�1 � 32k�1� � �22k�1 � 32k�1� � 5 � 32k�1.

 � �22k�1 � 32k�1� � �22k�1 � 32k�1�

 � 4 � 22k�1 � 9 � 32k�1

 � 22k�122 � 32k�132

Then, 22�k�1��1 � 32�k�1��1 � 22k�2�1 � 32k�2�1

�22k�1 � 32k�1�.

�22�1��1 � 32�1��1� � 2 � 3 � 5n � 1,
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35.

From this sequence, it appears that This can be verified by mathematical induction. 
The formula has already been verified for Assume that the formula is valid for Then,

Thus, the formula is valid.

 � �k � 1��2�k � 1� � 1�.

 � �k � 1��2k � 1�

 � 2k2 � 3k � 1

 � k�2k � 1� � �4k � 1�

 Sk�1 � �1 � 5 � 9 � 13 � .  .  . � �4k � 3�� � �4�k � 1� � 3�

n � k.n � 1.
Sn � n�2n � 1�.

 S4 � 1 � 5 � 9 � 13 � 28 � 4 � 7

 S3 � 1 � 5 � 9 � 15 � 3 � 5

 S2 � 1 � 5 � 6 � 2 � 3

 S1 � 1 � 1 � 1

 Sn � 1 � 5 � 9 � 13 � .  .  . � �4n � 3�

36.

From the sequence, it appears that 

This can be verified by mathematical induction. The formula has already been verified for 
Assume that the formula is valid for Then,

Thus, the formula is valid.

 �
k � 1

2
��3�k � 1� � 53�.

 � �
1
2

�k � 1��3k � 50�

 � �
1
2

�3k2 � 47k � 50�

 �
1
2

��3k2 � 47k � 50�

 �
k
2

��3k � 53� � ��3k � 25�

 Sk�1 � �25 � 22 � 19 � 16 � .  .  . � ��3k � 28�� � ��3�k � 1� � 28�

n � k.
n � 1.

Sn �
n
2

��3n � 53�.

 S4 � 25 � 22 � 19 � 16 � 82 �
4
2

�41�

 S3 � 25 � 22 � 19 � 66 �
3
2

�44�

 S2 � 25 � 22 � 47 �
2
2

�47�

 S1 � 25 �
1
2

�50�

 Sn � 25 � 22 � 19 � 16 � .  .  . � ��3n � 28�
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37.

Since this series is geometric, we have

 � 10 � 10� 9
10�

n
.

 Sn � �
n

i�1
� 9

10�
i�1

�

1 � � 9
10�

n

1 �
9

10

� 10
1 � � 9
10�

n�

Sn � 1 �
9

10
�

81
100

�
729

1000
� .  .  . � � 9

10�
n�1

38.

Since the series is geometric, we have 

Sn � �
n

i�1
3��

3
2�

i�1

� 3
1 � ��
3
2�

n

1 � ��
3
2� � �

6
5
1 � ��

3
2�

n

�.

Sn � 3 �
9
2

�
27
4

�
81
8

� .  .  . � 3��
3
2�

n�1

39.

From this sequence, it appears that 

This can be verified by mathematical induction. The formula has already been verified for 
Assume that the formula is valid for Then,

Thus, the formula is valid.

 �
k � 1

2�k � 2�.

 �
�k � 1�2

2�k � 1��k � 2�

 �
k2 � 2k � 1

2�k � 1��k � 2�

 �
k�k � 2� � 1

2�k � 1��k � 2�

 �
k

2�k � 1� �
1

2�k � 1��k � 2�

 Sk�1 � 
1
4

�
1

12
�

1
40

� .  .  . �
1

2k�k � 1�� �
1

2�k � 1��k � 2�

n � k.
n � 1.

Sn �
n

2�n � 1�.

 S4 �
1
4

�
1

12
�

1
24

�
1

40
�

16
40

�
4

10
�

4
2�5�

 S3 �
1
4

�
1

12
�

1
24

�
9

24
�

3
8

�
3

2�4�

 S2 �
1
4

�
1

12
�

4
12

�
2
6

�
2

2�3�

 S1 �
1
4

�
1

2�2�

 Sn �
1
4

�
1

12
�

1
24

�
1

40
� .  .  . �

1
2n�n � 1�



864 Chapter 9 Sequences, Series, and Probability

40.

From this sequence, it appears that 

This can be verified by mathematical induction. The formula has already been verified for 
Assume that the formula is valid for Then,

Thus, the formula is valid.

 �
k � 1

2��k � 1� � 2�.

 �
�k � 1��k � 2�
2�k � 2��k � 3�

 �
k2 � 3k � 2

2�k � 2��k � 3�

 �
k�k � 3� � 2

2�k � 2��k � 3�

 �
k

2�k � 2� �
1

�k � 2��k � 3�

 Sk�1 � 
1
6

�
1

12
�

1
20

�
1

30
� .  .  . �

1
�k � 1��k � 2�� �

1
�k � 2��k � 3�

n � k.
n � 1.

Sn �
n

2�n � 2�.

 S4 �
1
6

�
1

12
�

1
20

�
1

30
�

1
3

�
4

2 � 6

 S3 �
1
6

�
1

12
�

1
20

�
3

10
�

3
2 � 5

 S2 �
1
6

�
1

12
�

1
4

�
2

2 � 4

 S1 �
1
6

�
1

2 � 3

 Sn �
1

2 � 3
�

1
3 � 4

�
1

4 � 5
�

1
5 � 6

� .  .  . �
1

�n � 1��n � 2�

41. �
15

n�1

n �
15�15 � 1�

2
� 120

45. �
5

n�1

n4 �
5�5 � 1��2�5� � 1��3�5�2 � 3�5� � 1�

30
� 979

43. �
6

n�1

n2 �
6�6 � 1��2�6� � 1�

6
� 91

42. �
30

n�1

n �
30�30 � 1�

2
� 465

44. �
10

n�1

n3 �
102�10 � 1�2

4
� 3025

46. �
8

n�1

n5 �
82�8 � 1�2�2�8�2 � 2�8� � 1�

12
� 61,776

47.

 � 91 � 21 � 70

 �
6�6 � 1��2�6� � 1�

6
�

6�6 � 1�
2

�
6

n�1

�n2 � n� � �
6

n�1

n2 � �
6

n�1

n 48.

 �
�20�2�21�2 � 2�20��21�

4
� 43,890

 �
�20�2�20 � 1�2

4
�

20�20 � 1�
2

 �
20

n�1
�n3 � n� � �

20

n�1
n3 � �

20

n�1
n

49. � 6
6�6 � 1�
2 � � 8
�6�2�6 � 1�2

4 � � 6�21� � 8�441� � �3402�
6

i�1

�6i � 8i3� � 6�
6

i�1

i � 8�
6

i�1

i3
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50.

 �
3�10��12� � 3�10��11� � 10�11��21�

12
� 195

 � 3�10� �
1
2

�
10�10 � 1�

2
�

1
2

�
10�10 � 1��2 � 10 � 1�

6

 �
10

j�1
�3 �

1
2

j �
1
2

j2� � �
10

j�1
3 �

1
2�

10

j�1
 j �

1
2�

10

j�1
 j2

51.

0 3 6 9 12 15

First differences: 3 3 3 3 3

Second differences: 0 0 0 0

Since the first differences are equal, the sequence has a
linear model.

an:

a6 � a5 � 3 � 12 � 3 � 15

a5 � a4 � 3 � 9 � 3 � 12

a4 � a3 � 3 � 6 � 3 � 9

a3 � a2 � 3 � 3 � 3 � 6

a2 � a1 � 3 � 0 � 3 � 3

a1 � a1 � 0

a1 � 0, an � an�1 � 3 52.

2 4 6 8 10 12

First differences: 2 2 2 2 2

Second differences: 0 0 0 0

Since the first differences are equal, the sequence has a
linear model.

an:

a6 � a5 � 2 � 10 � 2 � 12

a5 � a4 � 2 � 8 � 2 � 10

a4 � a3 � 2 � 6 � 2 � 8

a3 � a2 � 2 � 4 � 2 � 6

a2 � a1 � 2 � 2 � 2 � 4

a1 � a1 � 2

a1 � 2, an � an�1 � 2

53.

3 1 �2 �6 �11 �17

First differences: �2 �3 �4 �5 �6

Second differences: �1 �1 �1 �1

Since the second differences are all the same, the sequence has a quadratic model.

an:

a6 � a5 � 6 � �11 � 6 � �17

a5 � a4 � 5 � �6 � 5 � �11

a4 � a3 � 4 � �2 � 4 � �6

a3 � a2 � 3 � 1 � 3 � �2

a2 � a1 � 2 � 3 � 2 � 1

a1 � a1 � 3

a1 � 3, an � an�1 � n

54.

a7 � �2a6 � �2��48� � 96

a6 � �2a5 � �2�24� � �48

a5 � �2a4 � �2��12� � 24

a4 � �2a3 � �2�6� � �12

a3 � �2a2 � �2��3� � 6

a2 � �3

a1 �
3
2

a2 � �3  ⇒  �3 � �2a1

a2 � �3, an � �2an�1

First differences:

Second differences:

Since neither the first differences nor the second differences are equal, the
sequence does not have a linear or quadratic model.

an : �3 6 �12 24 �48 96

9 �18 36 �72 144

�27 54 �108 216
27
2

�
9
2

3
2
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55.

First differences:

Second differences:

Since neither the first differences nor the second differences are equal, the sequence does not have a linear or quadratic model.

an :

a5 � a4
2 � 65,5362 � 4,294,967,296

a4 � a3
2 � 2562 � 65,536

a3 � a2
2 � 162 � 256

a2 � a1
2 � 42 � 16

a1 � a0
2 � 22 � 4

a0 � 2

a0 � 2, an � �an�1�2

2 4 16 256 65,536 4,294,967,296

2 12 240 65,280 4,294,901,760

10 228 65,040 4,294,836,480

56.

0 1 3 6 10 15

First differences: 1 2 3 4 5

Second differences: 1 1 1 1

Since the second differences are equal, the sequence has a
quadratic model.

an:

a5 � a4 � 5 � 10 � 5 � 15

a4 � a3 � 4 � 6 � 4 � 10

a3 � a2 � 3 � 3 � 3 � 6

a2 � a1 � 2 � 1 � 2 � 3

a1 � a0 � 1 � 0 � 1 � 1

a0 � 0

a0 � 0, an � an�1 � n

58.

Let Then:

Thus, an � n2 � 2n � 7.

�a

3a

�

�

b

b

2a

a

�

�

�

�

1

1

2

1

 

 

 ⇒

 
 
 

 b � �2

By elimination:

⇒ 9a
9a
3a

�

�

�

3b
3b
b

� c �

�

�

 10
3
1

a3 � a�3�2 � b�3� � c � 10

⇒
⇒

    
a
a

 
�

�

   
b
b

 
�

c
c

�

�

�

7
6

�1

a0

a1

�

�

a�0�2

a�1�2

�

�

b�0�
b�1�

�

�

c

c

�

�

 7

6

an � an2 � bn � c.

a0 � 7, a1 � 6, a3 � 10

57.

Let 

 ⇒  a � b � 0

 a1 � a�1�2 � b�1� � c � 13  ⇒  a � b � c � 3

Thus:  a0 � a�0�2 � b�0� � c � 13  ⇒  c � 3

an � an2 � bn � c.

a0 � 3, a1 � 3, a4 � 15

Thus, an � n2 � n � 3.

 a � 1  ⇒  b � �1

 3a  � 3

 4a � b � 3

By elimination:  �a � b � 0

 ⇒   4a � 4b � 3

 ⇒   16a � 4b � 12

a4 � a�4�2 � b�4� � c � 15  ⇒  16a � 4b � c � 15

59.

Let 

By elimination:

Thus, an �
1
2n2 � n � 3.

a �
1
2 ⇒ b � 1

 2a      �  1

 4a �  b �  3

 �2a �  b �  �2

 ⇒   4a � 4b � 3

 ⇒  16a � 4b � 12

a4 � a�4�2 � b�4� � c � �9  ⇒  16a � 4b � c � 9

 ⇒   2a � 2b � 2

 ⇒   4a � 2b � 4

a2 � a�2�2 � b�2� � c � �1  ⇒  4a � 2b � c � 1

Then:  a0 � a�0�2 � b�0� � c � �3  ⇒  c � �3

an � an2 � bn � c.

a0 � �3, a2 � 1, a4 � 9
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60.

Let Then:

Thus, an �
7
4n2 � 5n � 3.

⇒  b � �5

�4a

12a

8a

�

�

2b

2b

a

�

�

�

�

3

11

14
7
4

By elimination:

⇒ 36a
36a
12a

�

�

�

6b
6b
2b

� c �

�

�

 36
33
11

a6 � a(6�2 � b�6� � c � 36

⇒
⇒

     
4a
4a

 
�

�

 
2b
2b

 
�

c
c

�

�

�

3
0

�3

a0

a2

�

�

a�0�2

a�2�2

�

�

b�0�
b�2�

�

�

c

c

�

�

 3

0

an � an2 � bn � c.

a0 � 3, a2 � 0, a6 � 36

61. (a) 120.3 122.5 124.9 127.1 129.4 130.3

First differences: 2.2 2.4 2.2 2.3 0.9

(b) The first differences are not equal, but are fairly close to each other, so a linear model can be used. 
If we let then 

(c) is obtained by using the regression feature of a graphing utility.

(d) For 2008, let 

These are very similar.

an � 2.08�18� � 103.9 � 141.34

an � 2.2�18� � 102.7 � 142.3

n � 18.

an � 2.08n � 103.9

an � 2.2n � 102.7

b � 120.3 � 2.2�8� � 102.7m � 2.2,

62. Answers will vary. See page 626. 63. True. may be false.P7 64. False. must be proven to be true.P1

65. True. If the second differences are all zero, then the first
differences are all the same, so the sequence is arithmetic.

66. False. It has second differences.n � 2

67. �2x2 � 1�2 � �2x2 � 1��2x2 � 1� � 4x 4 � 4x2 � 1 68. �2x � y�2 � 4x2 � 4xy � y2

69. �5 � 4x�3 � �64x3 � 240x2 � 300x � 125 70. �2x � 4y�3 � 8x3 � 48x2y � 96xy2 � 64y3

71.

(a) Domain: All real numbers x except 

(b) Intercept:

(c) Vertical asymptote:

Horizontal asymptote:

(d)

y � 1

x � �3

�0, 0�

x � �3

f �x� �
x

x � 3

y

x
−12−10 −8 −6 −4

−6

−4

2

4

6

8

10

2 4

(0, 0)

x 1

4 1
4�

1
2�25

2f �x�

�1�2�4�5
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72.

(a) Domain: All real numbers x except 

(b) Intercept:

(c) Vertical asymptotes:

Horizontal asymptote:

(d)

y � 1

x � �2, x � 2

�0, 0�

x � ±2

y

x
−8 −6 −4

2

4

6

8

4 6 8

(0, 0)

g�x� �
x2

x2 � 4

x 0 1.5 3 4

0 4
3

9
5�

9
7�

9
7

9
5

4
3g�x�

�1.5�3�4

74.

(a) Domain: All real numbers x except 

(b) x-intercept:

y-intercept:

(c) Vertical asymptote:

Horizontal asymptote:

(d)

y

x

−2

−4

−6

−8

4

6

8

2 4 6 8(−5, 0)

(0, 5)

y � �1

x � 1

�0, 5�

��5, 0�

x � 1

f �x� �
5 � x
1 � x

73.

(a) Domain: All real numbers t except 

(b) Intercept:

(c) Vertical asymptote:

Horizontal asymptote:

(d)

y

t
−8 −6 −4 −2

−8

−6

−4

2

4

62 8

(7, 0)

y � 1

t � 0

�7, 0�

t � 0

h �t� �
t � 7

t

t 1 2 3

8 �
4
3�

5
2�69

2h�t�

�1�2

x 0 2 3 5 7

0 1 5 �2�
5
2�4�7�

1
3f �x�

�2�5�8

Section 9.5 The Binomial Theorem

Vocabulary Check

1. binomial coefficients 2. Binomial Theorem/Pascal’s Triangle

3. or  4. expanding a binomialnCr�n
r�

■ You should be able to use the formula

where to expand Also,

■ You should be able to use Pascal’s Triangle in binomial expansion.

nCr � �n
r�.�x � y�n.nCr �

n!

�n � r�!r!
,

�x � y�n � xn � nxn�1y �
n�n � 1�

2!
xn�2y2 � .  .  . � nCr xn�ryr � .  .  . � yn
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5. 20C15 �
20!

15!5!
�

20 � 19 � 18 � 17 � 16

5 � 4 � 3 � 2 � 1
� 15,504

1. 5C3 �
5!

3!2!
�

5 � 4

2 � 1
� 10 2. 8C6 �

8!

6! � 2!
�

8 � 7

2 � 1
� 28 3. 12C0 �

12!

0!12!
� 1

4. 20C20 �
20!

20! � 0!
� 1

6. 12C5 �
12!

5! � 7!
�

�12 � 11 � 10 � 9 � 8� � 7!

5!7!
�

12 � 11 � 10 � 9 � 8

5 � 4 � 3 � 2 � 1
� 792

7.  �10
4� �

10!
6!4!

�
10 � 9 � 8 � 7 � 6!

6!�24� � 210

8. �10
6 � �

10!
6! � 4!

�
�10 � 9 � 8 � 7� � 6!

6! � 4!
�

10 � 9 � 8 � 7
4 � 3 � 2 � 1

� 210

9. �100
98� �

100!
2!98!

�
100 � 99

2 � 1
� 4950 10.

 � 4950

 �100
2 � �

100!
98! � 2!

�
�100 � 99� � 98!

98! � 2!
�

100 � 99
2 � 1

11.

the 6th entry in the 8th row.�8
5� � 56,

1
1

8

1

1

1 2 1
1 3 3 1

1 4 6 4 1
1 5 10 10 5 1

1 6 15 20 15 6 1
1

1
7

8
21

28
35

56
35

5670
21

28
7 1

13.

the 5th entry in the 7th row.7C4 � 35, 

1
11

1
1

1 1
15101051

1 6 15 20 15 6 1
172135352171

464
3 3 1

12

12.

the 8th entry in the 8th row.�8
7� � 8,

1
11

1
1

1 1
15101051

1 6 15 20 15 6 1
1

18285670562881
72135352171

464
3 3 1

12

14.

the 4th entry in the 6th row.6C3 � 20,

1
11

1
1

1 1
15101051

1 6 15 20 15 6 1

464
3 3 1

12

15.

 � x4 � 4x3 � 6x2 � 4x � 1

�x � 1�4 � 4C0x
4 � 4C1x

3�1� � 4C2x
2�1�2 � 4C3x�1�3 � 4C4�1�4

16.

 � x6 � 6x5 � 15x 4 � 20x3 � 15x2 � 6x � 1

�x � 1�6 � 6C0 x6 � 6C1x
5�1� � 6C2x

4�1�2 � 6C3x
3�1�3 � 6C4x

2�1�4 � 6C5x�1�5 � 6C6�1�6

17.

 � a4 � 24a3 � 216a2 � 864a � 1296

 � 1a4 � 4a3�6� � 6a2�6�2 � 4a�6�3 � 1�6�4

 �a � 6�4 � 4C0a
4 � 4C1a

3�6� � 4C2a
2�6�2 � 4C3a�6�3 � 4C4�6�4
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18.

 � a5 � 25a4 � 250a3 � 1250a2 � 3125a � 3125

 �a � 5�5 � 5C0 a5 � 5C1a
4�5� � 5C2a

3�5�2 � 5C3a
2�5�3 � 5C4a�5�4 � 5C5�5�5

19.

 � y3 � 12y2 � 48y � 64

 � 1y3 � 3y2�4� � 3y�4�2 � 1�4�3

 �y � 4�3 � 3C0y
3 � 3C1y

2�4� � 3C2y�4�2 � 3C3�4�3

20.

 � y5 � 10y4 � 40y3 � 80y2 � 80y � 32

� y � 2�5 � 5C0 y5 � 5C1y
4�2� � 5C2 y3�2�2 � 5C3y

2�2�3 � 5C4y�2�4 � 5C5�2�5

21.

 � x5 � 5x4y � 10x3y2 � 10x2y3 � 5xy4 � y5

�x � y�5 � 5C0x
5 � 5C1x

4y � 5C2x
3y2 � 5C3x

2y3 � 5C4xy4 � 5C5y
5

22.

 � c3 � 3c2d � 3cd2 � d3

 �c � d�3 � 3C0c
3 � 3C1c

2d � 3C2cd2 � 3C3d
3

23.

 � r6 � 18r5s � 135r4s2 � 540r3s3 � 1215r2s4 � 1458rs5 � 729s6

 � 1r6 � 6r5�3s� � 15r4�3s�2 � 20r3�3s�3 � 15r2�3s�4 � 6r�3s�5 � 1�3s�6

 �r � 3s�6 � 6C0r
6 � 6C1r

5�3s� � 6C2r
4�3s�2 � 6C3r

3�3s�3 � 6C4r
2�3s�4 � 6C5r�3s�5 � 6C6�3s�6

24.

 � x4 � 8x3y � 24x2y2 � 32xy3 � 16y4

 � x4 � 4x3�2y� � 6x2�4y2� � 4x�8y3� � 16y4

�x � 2y�4 � 4C0 x4 � 4C1x
3�2y� � 4C2x

2�2y�2 � 4C3x�2y�3 � 4C4�2y�4

25.

 � 243a5 � 1620a4b � 4320a3b2 � 5760a2b3 � 3840ab4 � 1024b5

 � �1��243a5� � 5�81a4��4b� � 10�27a3��16b2� � 10�9a2��64b3� � 5�3a��256b4� � �1��1024b5�

 �3a � 4b�5 � 5C0�3a�5 � 5C1�3a�4�4b� � 5C2�3a�3�4b�2 � 5C3�3a�2�4b�3 � 5C4�3a��4b�4 � 5C5�4b�5

26.

 � 32x5 � 400x4y � 2000x3y2 � 5000x2y3 � 6250xy4 � 3125y5

 � �2x�5 � 5�2x�4��5y� � 10�2x�3��5y�2 � 10�2x�2��5y�3 � 5�2x���5y�4 � ��5y�5

�2x � 5y�5 � 5C0�2x�5 � 5C1�2x�4��5y� � 5C2�2x�3��5y�2 � 5C3�2x�2��5y�3 � 5C4�2x���5y�4 � 5C5��5y�5

27.

 � 8x3 � 12x2y � 6xy2 � y3

 � �1��8x3� � �3��4x2�� y� � �3��2x��y2� � �1�� y3�

�2x � y�3 � 3C0�2x�3 � 3C1�2x�2� y� � 3C2�2x�� y2� � 3C3� y3�

28.

 � 343a3 � 147a2b � 21ab2 � b3

 � �7a�3 � 3�7a�2�b� � 3�7a��b�2 � �b�3

�7a � b�3 � 3C0�7a�3 � 3C1�7a�2�b� � 3C2�7a��b�2 � 3C3�b�3
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29.

 � x8 � 4x6y2 � 6x4y4 � 4x2y6 � y8

 � �1��x8� � �4��x6y2� � �6��x4y4� � �4��x2y6� � �1�� y8�

�x2 � y2�4 � 4C0�x2�4 � 4C1�x2�3�y2� � 4C2�x2�2�y2�2 � 4C3�x2��y2�3 � 4C4�y2�4

30.

 � x12 � 6x10y2 � 15x8y4 � 20x6y6 � 15x4y8 � 6x2y10 � y12

� 6C5�x2�� y2�5 � 6C6� y2�6�x2 � y2�6 � 6C0�x2�6 � 6C1�x2�5� y2� � 6C2�x2�4� y2�2 � 6C3�x2�3� y2�3 � 6C4�x2�2� y2�4

31.

 �
1

x5
�

5y

x4
�

10y2

x3
�

10y3

x2
�

5y4

x
� y5

�1

x
� y�

5

� 5C0�1

x�
5

� 5C1�1

x�
4

y � 5C2�1

x�
3

y2 � 5C3�1

x�
2

y3 � 5C4�1

x�y4 � 5C5y
5

32.

 �
1

x6
�

12y

x5
�

60y2

x4
�

160y3

x3
�

240y4

x2
�

192y5

x
� 64y6

 � 1�1

x�
6

� 6�2��1

x�
5
y � 15�4��1

x�
4
y2 � 20�8��1

x�
3
y3 � 15�16��1

x�
2
y4 � 6�32��1

x�y5 � 1�64�y6

� 6C4�1

x�
2
�2y�4 � 6C5�1

x��2y�5 � 6C6�2y�6�1

x
� 2y�6

� 6C0�1

x�
6

� 6C1�1

x�
5
�2y� � 6C2�1

x�
4
�2y�2 � 6C3�1

x�
3
�2y�3

33.

 � 2x4 � 24x3 � 113x2 � 246x � 207

 � 2�x4 � 12x3 � 54x2 � 108x � 81� � 5�x2 � 6x � 9�

� 5�x2 � 2�x��3� � 32�2�x � 3�4 � 5�x � 3�2 � 2�x4 � 4�x3��3� � 6�x2��32� � 4�x��33� � 34�

34.

 � 3x5 � 15x 4 � 26x3 � 18x2 � 3x � 1

 � 3��1�x5 � 5x4 � 10x3 � 10x2 � 5x � 1� � 4��1�x3 � 3x2 � 3x � 1�

  � 4�3C0 x3 � 3C1x
2�1� � 3C2x�1�2 � 3C3�1�3�

3�x � 1�5 � 4�x � 1�3 � 3�5C0 x5 � 5C1x
4�1� � 5C2x

3�1�2 � 5C3x
2�1�3 � 5C4x�1�4 � 5C5�1�5�

36. 4th Row of Pascal’s Triangle: 1 4 6 4 1

 � 81 � 216z � 216z2 � 96z3 � 16z4

�3 � 2z�4 � 34 � 4�3�3�2z� � 6�3�2�2z�2 � 4�3��2z�3 � �2z�4

35. 5th Row of Pascal’s Triangle: 1 5 10 10 5 1

 � 32t5 � 80t4s � 80t3s2 � 40t2s3 � 10ts4 � s5

�2t � s�5 � 1�2t�5 � 5�2t�4�s� � 10�2t�3�s�2 � 10�2t�2�s�3 � 5�2t��s�4 � 1(s�5

37. 5th Row of Pascal’s Triangle: 1 5 10 10 5 1

 � x5 � 10x4y � 40x3y2 � 80x2y3 � 80xy4 � 32y5

 �x � 2y�5 � 1x5 � 5x4�2y� � 10x3�2y�2 � 10x2�2y�3 � 5x�2y�4 � 1�2y�5

38. 6th Row of Pascal’s Triangle: 1 6 15 20 15 6 1

 � 64v6 � 576v5 � 2160v4 � 4320v3 � 4860v2 � 2916v � 729

 �2v � 3�6 � �2v�6 � 6�2v�5�3� � 15�2v�4�3�2 � 20�2v�3�3�3 � 15�2v�2�3�4 � 6�2v��3�5 � �3�6
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39. The 4th term in the expansion of is

10C3x10�3y3 � 120x7y 3.

�x � y�10

43. The 8th term in the expansion of is

 � 1,259,712x2y7.

 9C7�4x�9�7�3y�7 � 36�16x2��2187y7�

�4x � 3y�9

41. The 3rd term in the expansion of is

5C2x5�2��6y�2 � 10x3�36y 2� � 360x3y2.

�x � 6y�5

45. The 9th term in the expansion of is

 � 32,476,950,000x4y8.

 12C8�10x�12�8��3y�8 � 495�10,000x4��6561y 8�

�10x � 3y�12

47. The term involving in the expansion of is

The coefficient is 1,732,104.

12C7x
5�3�7 �

12!

7!5!
� 37x5 � 1,732,104x5.

�x � 3�12x5

49. The term involving in the expansion of is

The coefficient is 180.

10C2x
8��2y�2 �

10!

2!8!
� 4x8y2 � 180x8y2.

�x � 2y�10x8y2

40. The 7th term in the expansion of is

6C6 x 6�6��y�6 � 1 � x 0y 6 � y 6.

�x � y�6

42. The 4th term in the expansion of is

7C3 x7�3��10z�3 � 35 � x4��1000z3� � �35,000x4z3.

�x � 10z�7

44. The 5th term in the expansion of is

5C4�5a�5�4�6b�4 � 5 � �5a��1296b4� � 32,400ab4.

�5a � 6b�5

46. The 7th term in the expansion of is

 � 1.293 � 1013x9y 6.

 15C6�7x�15�6�2y�6 � 5005 � �40,353,607x9��64y6�

�7x � 2y�15

48. The term involving in the expansion of is 

The coefficient is 3,247,695.

12C8�x2�4�3�8 �
12!

�12 � 8�!8!
� 38x8 � 3,247,695x8.

�x2 � 3�12x8

50. The term involving in the expansion of is

The coefficient is 720.

10C8�4x�2��y�8 �
10!

�10 � 8�!8!
� 16x2y8 � 720x2y8.

�4x � y�10x2y8

51. The term involving in the expansion of is

The coefficient is �326,592.

9C5�3x�4��2y�5 �
9!

5!4!
�81x4���32y5� � �326,592x4y5.

�3x � 2y�9x4y5 52. The term involving in the expansion of is 

The coefficient is 16,128.

8C2�2x�6��3y�2 �
8!

�8 � 2�!2!
�64x6��9y2� � 16,128x6y2.

�2x � 3y�8x6y2

53. The term involving in the expansion of 

is 

The coefficient is 210.

10C6 �x2�4y6 �
10!

4!6!
�x2�4y6 � 210x8y6.�x2 � y�10

� �x2�4y6x8y6 54. The term involving in the expansion of is

The coefficient is 45.

10C8�z2�2��t�8 �
10!

�10 � 8�!8!
z4t8 � 45z4t8.

�z2 � t�10z4t8

55.

 � x2 � 12x3�2 � 54x � 108x1�2 � 81

 � x2 � 12x	x � 54x � 108	x � 81

�	x � 3�4
� �	x �4

� 4�	x �3�3� � 6�	x�2�3�2 � 4�	x ��3�3 � �3�4

56.

 � 8t3�2 � 12t � 6t1�2 � 1

�2	t � 1�3
� �2	t �3

� 3�2	t �2��1� � 3�2	t ���1�2 � ��1�3

57.

 � x2 � 3x4�3y1�3 � 3x2�3y2�3 � y

�x2�3 � y1�3�3 � �x2�3�3 � 3�x2�3�2 �y1�3� � 3�x2�3� �y1�3�2 � �y1�3�3
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58.

 � u3 � 10u12�5 � 40u9�5 � 80u6�5 � 80u3�5 � 32

�u3�5 � 2�5 � �u3�5�5 � 5�u3�5�4�2� � 10�u3�5�3�2�2 � 10�u3�5�2�2�3 � 5�u3�5��2�4 � 25

59.

 � 3x2 � 3xh � h2, h � 0

 �
h�3x2 � 3xh � h2�

h

 �
x3 � 3x2h � 3xh2 � h3 � x3

h

 
f �x � h� � f �x�

h
�

�x � h�3 � x3

h
60.

 � 4x3 � 6x2h � 4xh2 � h3, h � 0

 �
h�4x3 � 6x2h � 4xh2 � h3�

h

 �
x 4 � 4x3h � 6x2h2 � 4xh3 � h4 � x 4

h

f �x � h� � f �x�
h

�
�x � h�4 � x 4

h

61.

 �
1

	x � h � 	x
, h � 0

 �
�x � h� � x

h�	x � h � 	x�

 �
	x � h � 	x

h
�
	x � h � 	x
	x � h � 	x

 f �x � h� � f �x�
h

�
	x � h � 	x

h
62.

 � �
1

x�x � h�
, h � 0

 �

�h

x�x � h�
h

 �

x � �x � h�
x�x � h�

h

f�x � h� � f �x�
h

�

1

x � h
�

1

x

h

63.

 � �4

 � 1 � 4i � 6 � 4i � 1

�1 � i�4 � 4C0�1�4 � 4C1�1�3i � 4C2�1�2i 2 � 4C3�1�i 3 � 4C4i
4

64.

 � �38 � 41i

 � 32 � 80i � 80 � 40i � 10 � i

�2 � i�5 � 5C02
5 � 5C12

4i � 5C22
3i2 � 5C32

2i3 � 5C42i4 � 5C5i
5

65.

 � 2035 � 828i

 � 64 � 576i � 2160 � 4320i � 4860 � 2916i � 729

 � �1��64� � �6��32��3i� � 15�16���9� � 20�8���27i� � 15�4��81� � 6�2��243i� � �1���729�

�2 � 3i�6 � 6C02
6 � 6C12

5�3i� � 6C22
4�3i�2 � 6C32

3�3i�3 � 6C42
2�3i�4 � 6C52�3i�5 � 6C6�3i�6

66.

 � �10 � 198i

 � 125 � 225i � 135 � 27i

 � 53 � 3 � 52�3i� � 3 � 5�3i�2 � �3i�3

�5 � 	�9 �3 � �5 � 3i�3
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67.

 � 1

 �
1

8
 ��1 � 3	3i � 9 � 3	3i�

 ��
1

2
�

	3

2
i�

3

�
1

8
 ���1�3 � 3��1�2�	3i� � 3��1��	3i�2

� �	3i�3�

69.

 � 1 � 0.16 � 0.0112 � 0.000448 � .  .  . � 1.172

 � 1 � 8�0.02� � 28�0.02�2 � 56�0.02�3 � 70�0.02�4 � 56�0.02�5 � 28�0.02�6 � 8�0.02�7 � �0.02�8

 �1.02�8 � �1 � 0.02�8

68.

 � 184 � 440	3i

 � 625 � 500	3i � 450 � 60	3i � 9

�5 � 	3i�4 � 54 � 4 � 53�	3i� � 6 � 52�	3i�2 � 4 � 5�	3i�3 � �	3i�4

70.

 � 1049.890

 � 1024 � 25.6 � 0.288 � 0.00192 � 0.0000084 � .  .  .

� 10�2��0.005�9 � �0.005�10

� 252�2�5�0.005�5 � 210�2�4�0.005�6 � 120�2�3�0.005�7 � 45�2�2�0.005�8

�2.005�10 � �2 � 0.005�10 � 210 � 10�2�9�0.005� � 45�2�8�0.005�2 � 120�2�7�0.005�3 � 210�2�6�0.005�4

71.

 � 531,441 � 21,257.64 � 389.7234 � 4.3303 � 0.0325 � 0.0002 � .  .  . � 510,568.785

 � � 220�3�3�0.01�9 � 66�3�2�0.01�10 � 12�3��0.01�11 � �0.01�12

 � � 792�3�7�0.01�5 � 924�3�6�0.01�6 � 792�3�5�0.01�7 � 495�3�4�0.01�8

 � 312 � 12�3�11�0.01� � 66�3�10�0.01�2 � 220�3�9�0.01�3 � 495�3�8�0.01�4

 �2.99�12 � �3 � 0.01�12

72.

 � 467.721

 � 512 � 46.08 � 1.8432 � 0.043008 � 0.00064512 � 0.0000064512 � .  .  .

  � 126�2�4�0.02�5 � 84�2�3�0.02�6 � 36�2�2�0.02�7 � 9�2��0.02�8 � �0.02�9

�1.98�9 � �2 � 0.02�9 � 29 � 9�2�8�0.02� � 36�2�7�0.02�2 � 84�2�6�0.02�3 � 126�2�5�0.02�4

73.

The graph of g is the same as the graph of f shifted four units to the left.

 � x3 � 12x2 � 44x � 48

 � x3 � 12x2 � 48x � 64 � 4x � 16

 � x3 � 3x2�4� � 3x�4�2 � �4�3 � 4x � 16

 � �x � 4�3 � 4�x � 4�

g�x� � f �x � 4�
−8

−4

4

fg

4f �x� � x3 � 4x
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74.

The graph of g is the same as the graph of f shifted three units to the right.

 � �x4 � 12x3 � 50x2 � 84x � 46

 � �x4 � 12x3 � 54x2 � 108x � 81 � 4x2 � 24x � 36 � 1

 � ��x4 � 4x3��3� � 6x2��3�2 � 4x��3�3 � ��3�4� � 4�x2 � 6x � 9� � 1

 � ��x � 3�4 � 4�x � 3�2 � 1

g�x� � f �x � 3� g

−4

−3

8

f

5f�x� � �x4 � 4x2 � 1, g�x� � f �x � 3�

75. 7C4�1

2�
4

�1

2�
3

�
7!

3!4!�
1

16��
1

8� � 35� 1

16��1

8� � 0.273 76. 10C3�1

4�
3�3

4�
7

� 120� 1

64��
2187

16,384� � 0.2503

77. 8C4�1

3�
4

�2

3�
4

�
8!

4!4!�
1

81��
16

81� � 70� 1

81��
16

81� � 0.171 78. 8C4�1

2�
4

�1

2�
4

� 70� 1

16��
1

16� � 0.273

79. (a)

(b)

(c)

 � 0.0025t 3 � 0.06t2 � 1.33t � 17.5

� 0.015�t2 � 20t � 100� � 0.88�t � 10� � 7.7

 � 0.0025�t 3 � 30t 2 � 300t � 1000�

� 0.88�t � 10� � 7.7

 g�t� � f �t � 10� � 0.0025�t � 10�3 � 0.015�t � 10�2

0
0 13

24

f �t� � 0.0025t3 � 0.015t2 � 0.88t � 7.7 (d)

(e) For 2008 use in and in 

gallons

gallons

Both models yield the same answer.

(f ) The trend is for the per capita consumption of bottled
water to increase. This may be due to the increasing 
concern with contaminants in tap water.

g�8� � 33.26

f �18� � 33.26

g�t�.t � 8f �t�t � 18

0
0 13

60

f

g

80.

(a) (b)

(c)

g�t�: g�7� � 2007

f �t�: f �17� � 2007

 � 0.031t 2 � 1.44t � 17.4

 � 0.031�t 2 � 20t � 100� � 0.82�t � 10� � 6.1

 � 0.031�t � 10�2 � 0.82�t � 10� � 6.1

0
0 20

60

f

g
 g�t� � f �t � 10�

f �t� � 0.031t 2 � 0.82t � 6.1

81. True. The coefficients from the Binomial Theorem can be
used to find the numbers in Pascal’s Triangle.

82. False. Expanding binomials that represent differences is
just as accurate as expanding binomials that represent
sums, but for differences the coefficient signs are 
alternating.

83. False. 

The coefficient of the -term is 

The coefficient of the -term is 12C5�3�5 � 192,456.x14

12C7�3�7 � 1,732,104.x10

84. The first and last numbers in each row are 1. Every other
number in each row is formed by adding the two numbers
immediately above the number.
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85.

1 8 28 56 70 56 28 8 1

1 7 21 35 35 21 7 1

1 6 15 20 15 6 1

1 5 10 10 5 1

1 4 6 4 1

1 3 3

1 2

1

1

1

1

1

1 9 36 84 126 126 84 36 9 1

1 10 45 120 210 252 210 120 1045 1

86. terms�n � 1� 87. The signs of the terms in the expansion of 
alternate from positive to negative.

�x � y�n

88. The functions and 
(choices (a) and (d)) have identical graphs, because is 
the expansion of 

−4

−6 6

4

h

g

p k = f

f �x�.
k�x�

k�x� � 1 � 3x � 3x2 � x3f �x� � �1 � x�3

90. 0 � �1 � 1�n � nC0 � nC1 � nC2 � nC3 � .  .  . ±  nCn

91.

 � n�1Cr

 �
�n � 1�!

��n � 1� � r�!r!

 �
n!�n � 1�

r!�n � r � 1�!

 �
n!�n � r�!��n � r � 1� � r�

�n � r�!r!�n � r � 1�!

 �
n!�r � 1�!��n � r � 1�! � r�n � r�!�

�n � r�!r!�n � r � 1�!�r � 1�!

 �
n!��n � r � 1�!�r � 1�! � r!�n � r�!�

�n � r�!r!�n � r � 1�!�r � 1�!

 �
n!�n � r � 1�!�r � 1�! � n!�n � r�!r!

�n � r�!r!�n � r � 1�!�r � 1�!

nCr � nCr�1 �
n!

�n � r�!r!
�

n!

�n � r � 1�!�r � 1�!
92. nC0 � nC1 � nC2 � nC3 � .  .  . � nCn � �1 � 1�n � 2n

89.

 � nCr

 �
n!

�n � r�!r!

 �
n!

r!�n � r�!

nCn�r �
n!

�n � �n � r��!�n � r�!

93. The graph of is 
shifted three units to the 
right. Thus, g�x� � �x � 3�2.

x
4 6

4

8

2

6

2

−2

−2−4

yf �x� � x2 94. The graph of has 
been reflected in the x–axis,
shifted two units to the left,
and shifted three units 
upward. Thus,
g�x� � ��x � 2�2 � 3. x

4 53

5

1−1−2−3−5

3

−2

4

2

−3

−4

−5

yf �x� � x2



�x� � � � x � 1 � 2.

x
1 5

3

2

1

2 3 4Š1Š2Š3

Š4

Š5

yf �x� � � x

97. A� 1 �
1

�� 6�� 4� � �5�� � 5��
4
5

� 5
� 6� � �4

5
� 5
� 6� 98.

A� 1 � �20
10

11.5
6�

 
1.9R2 � R1 � �1

0
0
1

�
�

20
10

11.5
6� � �I �  A� 1�

 
5R2 � �1

0
� 1.9

1
�
�

1
10

0.1
6�

 
2R1 � R2 � �1

0
� 1.9

0.2
�
�

1
2

0.1
1.2�

 
0.1R2 � R1 � � 1

� 2
� 1.9

4
�
�

1
0

0.1
1�

�A �  I� � �1.2  
� 2  

� 2.3
4

�
�

1
0

0
1�


